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TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS
MASAKI KASHIWARA, TOSHIKI NAKASHIMA, AND MASATO OKADO
Abstract. By modifying the method in [KNO], certain affine geometric crystals are realized in affiniza-
tion of the fundamental representation W (̟1)l and the tropical R maps for the affine geometric crystals
are described explicitly. We also define prehomogeneous geometric crystals and show that for a posi-
tive geometric crystal, the connectedness of the corresponding ultra-discretized crystal is the sufficient
condition for prehomogeneity of the positive geometric crystal. Moreover, the uniqueness of tropical R
maps is discussed.
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1. Introduction
An R-matrix appears as a solution to the Yang-Baxter equation, which is a key to solve integrable lat-
tice models in statistical mechanics. To understand R-matrices representation theoretically, Drinfeld [D1]
and Jimbo [J] introduced the quantized universal enveloping algebra. Once its representation theory is
established, an R-matrix is interpreted as an intertwiner between the tensor product of finite-dimensional
modules and the one with the order of the tensor product being reversed. In [KMN1], [KMN2] the no-
tions of finite-dimensional modules and R-matrices acquired a combinatorial version by using the theory
of crystal bases. In the papers, the objects, perfect crystals and combinatorial R-matrices, are introduced
and play an important role to show that some physical quantities for particular vertex-type solvable
models are equal to affine Lie algebra characters. Combinatorial R-matrices also play an essential role in
some integrable cellular automata [HKOTY].
The notion of geometric crystals for semi-simple algebraic groups has been initiated by Berenstein and
Kazhdan [BK], and it is extended for Kac-Moody groups in [N1]. Geometric crystals are constructed
on some geometric objects, such as algebraic varieties, and has an analogous structure to crystals. The
relation between crystals and geometric crystals is not only a simple analogy, but also a more direct
functorial connection, called ultra-discretization/tropicalization. Indeed, in [N1], the geometric crystals
on Schubert varieties of the corresponding Kac-Moody group are ultra-discretized to certain crystals (see
2.3). Applying this result, we constructed for an affine Lie algebra g the affine geometric crystal V = V(g)
in the fundamental g-representationW (̟1) in [KNO] . Ultra-discretizing the geometric crystal V(g), we
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obtained the limit of the coherent family of perfect crystals B∞(g
L) where gL is the Langlands dual of g
(see [KKM]).
A tropical R map is an analogous object to the set-theoretic R ([D2]) and defined as follows (see §9):
For a family of geometric crystals X := {Xλ}λ∈Λ (parametrized by λ ∈ Λ) with a product structure, a
birational map Rλµ : Xλ ×Xµ → Xµ ×Xλ (λ, µ ∈ Λ) is said to be a tropical R map, if it satisfies the
Yang-Baxter equation and preserves the geometric crystal structure. In [Y] and [KOTY], an explicit form
of tropical R map is given for the geometric crystal Bl (l ∈ C×) of type A
(1)
n and D
(1)
n . They obtained
the tropical R map as a unique solution (x′, y′) of the equation Ml(x, z)Mm(y, z) = Mm(x
′, z)Ml(y
′, z)
where x ∈ Bl, y ∈ Bm, z is an indeterminate and Ml(x, z) is a square matrix called M -matrix (see §8).
In this paper, we construct the affine geometric crystal Vl in W (̟1)l, the affinization of the funda-
mental representation W (̟1), for g = A
(1)
n , B
(1)
n , D
(1)
n , D
(2)
n+1, A
(2)
2n−1 and A
(2)
2n . The geometric crystals Bl
constructed in [KOTY] are isomorphic to our geometric crystals Vl. Thus, in these two cases we have
the tropical R map for Vl through the isomorphism. By virtue of the method ’folding’, we obtain the
tropical R maps for the other cases; B
(1)
n , D
(2)
n+1, A
(2)
2n−1 and A
(2)
2n from the tropical R map for D
(1)
N with
a suitable integer N . (The case C
(1)
n can not be obtained from the folding of D
(1)
N . This case will be
discussed elsewhere.) Here note that the geometric crystal V(g) is a special case of V(g)l for l = 1.
Let us explain the construction of the tropical R map more precisely. First, we take a Dynkin diagram
automorphism σ for D
(1)
N , which induces the automorphism Σ of the geometric crystal Bl of type D
(1)
N ,
where Bl ∼= (C×)2N−2 as algebraic varieties. Let Xl be the fixed-point variety for Σ, that is, Xl := {x ∈
Bl |Σ(x) = x}. There is an invertible matrix J such that Ml(Σ(x), z) = JMl(x, z)J−1 (x ∈ Bl). By
this formula and the uniqueness of the solution for the equation Ml(x, z)Mm(y, z) = Mm(x
′, z)Ml(y
′, z)
(l,m ∈ C×), we deduce that the tropical R map sends Xl×Xm → Xm×Xl. Furthermore, this fixed-point
variety Xl is equipped with the g
σ-geometric crystal structure, where gσ is the affine Lie algebra obtained
from D
(1)
N by the folding associated with σ and it is isomorphic to Vl for g
σ. Hence, we get the tropical
R map for {Vl} in the case of gσ.
In the article, we also discuss the uniqueness of the tropical R maps. As for usual R-matrices, it is
unique (up to constant) by Schur’s lemma, if the corresponding modules are irreducible. Similar situation
occurs in the geometric crystals. A geometric crystal is prehomogeneous if there exists an open dense
orbit by the actions of the eci ’s. For φ, φ
′ two isomorphisms of prehomogeneous geometric crystals, if there
exists a point p in the open dense orbit which is sent to the same point by φ and φ′, it is shown that φ = φ′
as rational maps. A crucial result in this article is that a positive geometric crystal X is prehomogeneous if
the crystal ultra-discretized from X is connected (see Theorem 3.3). This uniqueness implies the following
fact: For geometric crystals X,Y, Z, suppose that the product X × Y × Z is prehomogeneous and that
there exist tropical R maps for any two of X,Y, Z, then it follows from the uniqueness that we have the
Yang-Baxter equation:
R(12)R(23)R(12) = R(23)R(12)R(23).
If X × Y is prehomogeneous, we also obtain the inversion formula:
RYXRXY = id,
where R(ij) means R acting on the i-th and the j-th components of the product. Namely, important
properties of the tropical R maps are deduced from the uniqueness. The tropical R map on the affine
geometric crystal Vl introduced in this article is unique, since the ultra-discretized crystal UD(Vl) and
its tensor products are connected, which implies that Vl and its products are prehomogeneous.
2. Geometric Crystals and Crystals
In this section, we review Kac-Moody groups and geometric crystals following [BK], [Kac], [N1], [N2],
[PK].
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2.1. Kac-Moody algebras and Kac-Moody groups. Fix a symmetrizable generalized Cartan matrix
A = (aij)i,j∈I with a finite index set I. Let (t, {αi}i∈I , {α∨i }i∈I) be the associated root data, where t is a
vector space over C and {αi}i∈I ⊂ t∗ and {α∨i }i∈I ⊂ t are linearly independent satisfying αj(α
∨
i ) = aij .
The Kac-Moody Lie algebra g = g(A) associated with A is the Lie algebra over C generated by t, the
Chevalley generators ei and fi (i ∈ I) with the usual defining relations ([Kac]). There is the root space
decomposition g =
L
α∈t∗gα. Denote the set of roots by ∆:={α ∈ t
∗ |α 6= 0, gα 6= (0)}. Set Q =
∑
i Zαi,
Q+ =
∑
i Z≥0αi, Q
∨ =
∑
i Zα
∨
i and ∆+ = ∆ ∩ Q+. An element of ∆+ is called a positive root. Let
P ⊂ t∗ be a weight lattice such that C⊗ P = t∗ and Q ⊂ P ⊂ {λ |λ(Q∨) ⊂ Z}, whose element is called
a weight.
Define the simple reflections si ∈ Aut(t) (i ∈ I) by si(h) := h − αi(h)α∨i , which generate the Weyl
group W . It induces the action of W on t∗ by si(λ) := λ − λ(α∨i )αi. Set ∆
re := {w(αi) |w ∈W, i ∈ I},
whose element is called a real root.
Let G be the Kac-Moody group associated with (g, P ) ([PK]). Let Uα := exp gα (α ∈ ∆re) be the
one-parameter subgroup of G. The group G is generated by Uα (α ∈ ∆re). Let U± be the subgroup
generated by U±α (α ∈ ∆re+ = ∆
re ∩Q+), i.e., U± := 〈U±α|α ∈ ∆re+〉.
For any i ∈ I, there exists a unique group homomorphism φi : SL2(C)→ G such that
φi
((
1 t
0 1
))
= exp(tei), φi
((
1 0
t 1
))
= exp(tfi) (t ∈ C).
Set α∨i (c) := φi
((
c 0
0 c−1
))
, xi(t) := exp (tei), yi(t) := exp (tfi), Gi := φi(SL2(C)), Ti := α
∨
i (C
×) and Ni :=
NGi(Ti). Let T be the subgroup of G with P as its weight lattice which is called a maximal torus in G,
and let B± = U±T be the Borel subgroup of G. Let N be the subgroup of G generated by the Ni’s. Then
we have the isomorphism φ : W
∼
−→N/T defined by φ(si) = NiT/T . An element si :=xi(−1)yi(1)xi(−1) =
φi
((
0 −1
1 0
))
in NG(T ) is a representative of si ∈W = NG(T )/T .
2.2. Geometric crystals. Let W be the Weyl group associated with g. Define R(w) for w ∈ W by
R(w) :=
{
(i1, i2, . . . , il) ∈ I
l |w = si1si2 · · · sil
}
,
where l is the length of w, i.e., R(w) is the set of reduced expressions of w.
Let X be a variety, γi : X → C and εi : X −→ C (i ∈ I) rational functions on X , and ei : C××X −→ X
((c, x) 7→ eci (x)) a rational C
×-action. For w ∈W and i = (i1, . . . , il) ∈ R(w), set α(j) := sil · · · sij+1 (αij )
(1 ≤ j ≤ l) and
ei : T ×X → X
(t, x) 7→ et
i
(x) := e
α(1)(t)
i1
e
α(2)(t)
i2
· · · e
α(l)(t)
il
(x).
Definition 2.1. A quadruple (X, {ei}i∈I , {γi, }i∈I , {εi}i∈I) is a G (or g)-geometric crystal if
(i) {1}×X ∩ dom(ei) is open dense in {1}×X for any i ∈ I. Here dom(ei) is the domain of definition
of ei : C
× ×X → X .changed
(ii) γj(e
c
i (x)) = c
aijγj(x).
(iii) ei = ei′ for any w ∈W and i. i
′ ∈ R(w).
(iv) εi(e
c
i (x)) = c
−1εi(x).
Note that the condition (iii) is equivalent to the following so-called Verma relations:
ec1i e
c2
j = e
c2
j e
c1
i if aij = aji = 0,
ec1i e
c1c2
j e
c2
i = e
c2
j e
c1c2
i e
c1
j if aij = aji = −1,
ec1i e
c21c2
j e
c1c2
i e
c2
j = e
c2
j e
c1c2
i e
c21c2
j e
c1
i if aij = −2, aji = −1,
ec1i e
c31c2
j e
c21c2
i e
c31c
2
2
j e
c1c2
i e
c2
j = e
c2
j e
c1c2
i e
c31c
2
2
j e
c21c2
i e
c31c2
j e
c1
i if aij = −3, aji = −1,
Note that the last formula is different from the one in [BK], [N1], [N2] which seems to be incorrect. If
X = (X, {ei}, {γi}, {εi}) satisfies the conditions (i), (ii) and (iv), we call X a pre-geometric crystal.
TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 5
2.3. Geometric crystal on Schubert cell. Let X :=G/B be the flag variety, which is the inductive
limit of finite-dimensional projective varieties. For w ∈ W , let Xw := BwB/B ⊂ X be the Schubert cell
associated with w, which has a natural geometric crystal structure ([BK], [N1]). For i = (i1, . . . , ik) ∈
R(w), set
(2.1) B−
i
:= {Yi(c1, . . . , ck) := Yi1 (c1) · · ·Yil(ck) | c1 · · · , ck ∈ C
×} ⊂ B−
where Yi(c) := yi(c
−1)α∨i (c) = α
∨
i (c)yi(c). Then B
−
i
is birationally isomorphic to Xw and endowed with
the induced geometric crystal structure. Let ξ be an element in the torus T . Then we can define the
geometric crystal structure on B−
i
· ξ and we shall describe its explicit form: The action eci on B
−
i
· ξ is
given by
eci (Yi1(c1) · · ·Yil(ck)ξ) = Yi1(C1) · · ·Yil(Ck)ξ,
where
(2.2) Cj := cj ·
∑
1≤m≤j, im=i
c
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
+
∑
j<m≤k, im=i
1
c
ai1,i
1 · · · c
aim−1,i
m−1 cm∑
1≤m<j, im=i
c
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
+
∑
j≤m≤k, im=i
1
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
.
The explicit forms of rational functions εi and γi are:
εi(Yi1(c1) · · ·Yil(ck)ξ) =
∑
1≤m≤k, im=i
1
c
ai1,i
1 · · · c
aim−1,i
m−1 cm
, γi(Yi1(c1) · · ·Yil(ck)ξ) = c
ai1,i
1 · · · c
aik,i
k αi(ξ).
These will be needed in Sect.5 to construct affine geometric crystals.
2.4. Crystals. We recall the notion of crystals, which is obtained by abstracting the combinatorial
properties of crystal bases.
Definition 2.2. A crystal B is a set endowed with the following maps:
wt: B −→ P,
εi : B −→ Z ⊔ {−∞}, ϕi : B −→ Z ⊔ {−∞} for i ∈ I,
e˜i : B ⊔ {0} −→ B ⊔ {0}, f˜i : B ⊔ {0} −→ B ⊔ {0} for i ∈ I,
e˜i(0) = f˜i(0) = 0.
Those maps satisfy the following axioms: for all b, b1, b2 ∈ B, we have
ϕi(b) = εi(b) + 〈α
∨
i ,wt(b)〉,
wt(e˜ib) = wt(b) + αi if e˜ib ∈ B,
wt(f˜ib) = wt(b)− αi if f˜ib ∈ B,
e˜ib2 = b1 ⇐⇒ f˜ib1 = b2,
εi(b) = −∞ =⇒ e˜ib = f˜ib = 0.
Example 2.3. (i) If (L,B) is a crystal base, then B is a crystal.
(ii) For the crystal base (L(∞), B(∞)) of the subalgebra U−q (g) of the quantum algebra Uq(g), B(∞) is
a crystal.
(iii) For λ ∈ P , set Tλ := {tλ}. We define a crystal structure on Tλ by
e˜i(tλ) = f˜i(tλ) = 0, εi(tλ) = ϕi(tλ) = −∞, wt(tλ) = λ.
Definition 2.4. (i) To a crystal B, a colored oriented graph is associated by
b1
i
−→b2 ⇐⇒ f˜ib1 = b2.
We call this graph the crystal graph of B.
(ii) A crystal B is said to be connected, if its crystal graph is connected as a graph.
(iii) A crystal B is free if e˜ni (b) 6= 0 and f˜
n
i (b) 6= 0 for any b ∈ B, i ∈ I and n > 0.
6 MASAKI KASHIWARA, TOSHIKI NAKASHIMA, AND MASATO OKADO
2.5. Positive structure, Ultra-discretization and Tropicalization. Let us recall the notions of
positive structure and ultra-discretization/tropicalization.
Set R := C(c) and define
v : R \ {0} −→ Z
f(c) 7→ deg(f(c)).
Here deg is the degree of poles at c =∞. Note that for f1, f2 ∈ R \ {0}, we have
(2.3) v(f1f2) = v(f1) + v(f2), v
(
f1
f2
)
= v(f1)− v(f2).
We say that a non-zero rational function f(c) ∈ C(c) is positive if f can be expressed as a ratio of
polynomials with positive coefficients. Note that f ∈ C(c) is positive if and only if any pole of f is not a
positive number and f(x) > 0 for any x > 0.
If f1, f2 ∈ R are positive, then we have
(2.4) v(f1 + f2) = max(v(f1), v(f2)).
Let T ≃ (C×)l be an algebraic torus over C and X∗(T ) := Hom(T,C×) (resp. X∗(T ) := Hom(C×, T ))
be the lattice of characters (resp. co-characters) of T . We denote by T+ the set of points x in T such
that χ(x) > 0 for any character χ. Then
(
(C×)n
)
+
= (R>0)
n.
A non-zero rational function on an algebraic torus T is called positive if it is written as g/h where g
and h are a positive linear combination of characters of T .
Definition 2.5. Let f : T → T ′ be a rational mapping between two algebraic tori T and T ′. We say
that f is positive, if X ◦ f is positive for any character X : T ′ → C.
Denote by Mor+(T, T ′) the set of positive rational mappings from T to T ′.
Note that any f ∈ Mor+(T, T ′) induces a real analytic map f+ : T+ → T ′+.
Lemma 2.6 ([BK]). For any f ∈Mor+(T1, T2) and g ∈Mor
+(T2, T3), the composition g◦f is well-defined
and belongs to Mor+(T1, T3).
By Lemma 2.6, we can define a category T+ whose objects are algebraic tori over C and arrows are
positive rational mappings. The category T+ admits products. For two algebraic tori T and T ′, their
product in T+ coincides with the usual product of T and T ′.
Note that T 7→ T+ gives a functor from T+ to the category of real analytic manifolds.
Let f : T → T ′ be a positive rational mapping of algebraic tori T and T ′. We define a map f̂ : X∗(T )→
X∗(T
′) by
〈χ, f̂(ξ)〉 = v(χ ◦ f ◦ ξ),
where χ ∈ X∗(T ′) and ξ ∈ X∗(T ). Note that χ ◦ f ◦ ξ is a rational map from C
× to itself.
Lemma 2.7 ([BK]). For any algebraic tori T1, T2, T3, and positive rational mappings f ∈ Mor
+(T1, T2),
g ∈ Mor+(T2, T3), we have ĝ ◦ f = ĝ ◦ f̂ .
By this lemma, we obtain a functor
UD : T+ −→ Set
T 7→ X∗(T )
(f : T → T ′) 7→ (f̂ : X∗(T )→ X∗(T ′)).
Let us come back to the situation in §2.2. Hence G is a Kac-Moody group and T is its Cartan subgroup.
Definition 2.8 ([BK]). Let X = (X, {ei}i∈I , {γi}i∈I , {εi}i∈I) be a G (or g)-geometric crystal, T ′ an
algebraic torus and θ : T ′ → X a birational mapping. The mapping θ is called a positive structure on X
if it satisfies
(i) for any i ∈ I the rational functions γi ◦ θ : T ′ → C and εi ◦ θ : T ′ → C are positive,
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(ii) for any i ∈ I, the rational mapping ei,θ : C× × T ′ → T ′ defined by ei,θ(c, t) := θ−1 ◦ eci ◦ θ(t) is
positive.
Let θ : T ′ → X be a positive structure on a geometric crystal X = (X, {ei}i∈I , {γi}i∈I , {εi}i∈I).
Applying the functor UD to the positive rational mappings ei,θ : C××T ′ → T ′ and γi◦θ, εi◦θ : T ′ → C×,
we obtain
e˜i := UD(ei,θ) : Z×X∗(T
′)→ X∗(T
′)
wti := UD(γi ◦ θ), εi := UD(εi ◦ θ) : X∗(T
′)→ Z.
Hence the quadruple (X∗(T
′), {e˜i}i∈I , {wti}i∈I , {εi}i∈I) is a free pre-crystal structure (see [BK, 2.2]) and
we denote it by UDθ(X) = UDθ,T ′(X). As for the definition of crystal, see 4.11 or [KKM],[K1], [K2]. We
have thus the following theorem:
Theorem 2.9 ([BK][N1]). For any geometric crystal X = (X, {ei}i∈I , {γi}i∈I , {εi}i∈I) and a positive
structure θ : T ′ → X, the associated pre-crystal UDθ,T ′(X) is a crystal (see [BK, 2.2]).
Now, let GC+(g) be the category whose object is a triplet (X, T ′, θ) where X = (X, {ei}, {γi}, {εi})
is a g-geometric crystal and θ : T ′ → X is a positive structure on X, and morphism f : (X1, T ′1, θ1)
→ (X2, T ′2, θ2) is given by a morphism ϕ : X1 −→ X2 of geometric crystals such that
f := θ−12 ◦ ϕ ◦ θ1 : T
′
1 −→ T
′
2,
is a positive rational mapping. Let CR(g) be the category of g-crystals. Then by the theorem above, we
have
Corollary 2.10. UD defines a functor
UD : GC+(g) −→ CR(gL)
(X, T ′, θ) 7→ X∗(T ′)
(f : (X1, T
′
1, θ1)→ (X2, T
′
2, θ2)) 7→ (f̂ : X∗(T
′
1)→ X∗(T
′
2)),
where gL is the Langlands dual for g.
We call the functor UD “ultra-discretization” as in [N1],[N2]. While for a crystal B ∈ CR(g), if there
exists an object (X, T ′, θ) in GC+(gL), we cal (X, θ) a tropicalization of B.
3. Prehomogeneous Geometric Crystals
Definition 3.1. Let X = (X, {eci}, {γi}, {εi}) be a geometric crystal. We say that X is prehomogeneous
if there exists a Zariski open dense subset Ω ⊂ X which is an orbit by the actions of the eci ’s.
The following lemma is obvious.
Lemma 3.2. Let Xj = (Xj , {e
c
i}, {γi}, {εi}) (j = 1, 2) be geometric crystals and X1 prehomogeneous.
Let Ω1 ⊂ X1 be an open dense orbit in X1. For isomorphisms of geometric crystals φ, φ′ : X1 → X2,
suppose that there exists p1 ∈ Ω1 such that φ(p1) = φ′(p1) ∈ X2. Then, we have φ = φ′ as rational maps.
The following is the criterion for the prehomogeneity of a geometric crystal.
Theorem 3.3. Let X = (X, {eci}, {γi}, {εi}) be a finite-dimensional positive geometric crystal with the
positive structure θ : T → X and B := UDθ(X) the crystal obtained as the ultra-discretization of X. If B
is a connected crystal, then X is prehomogeneous.
Proof. Set m := dimT = dimX . We identify T and X by θ, and take a ∈ T+ (see 2.5). Assume that B
is connected and X(= T ) is not prehomogeneous. Then there exists a nowhere dense closed subset Z of
T such that Z contains a and is invariant by the actions of the eci ’s.
Suppose that Z is contained in a variety {x ∈ T |φ(x) = 0} where φ(x) =
∑
α∈Zm
≥0
aαx
α1
1 · · ·x
αm
m ∈
C[x1, . . . , xm] is a non-zero polynomial. Set A :=
{
α = (α1, . . . , αm) ∈ Zm≥0 | aα 6= 0
}
6= ∅ and let H
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be the convex hull of A in Zm. Let us take an end point α˜ of H . Then α˜ ∈ A and there exists
c = (c1, · · · , cm) ∈ B = Zm such that
∑
i α˜ici >
∑
i αici for any α ∈ A \ {α˜}. Since the crystal B is
connected, there exist i1, . . . , il ∈ I and k1, . . . , kl ∈ Z such that
c = (c1, . . . , cm) = e˜
k1
i1
· · · e˜klil (0, 0, . . . , 0).
We define rational functions f1(t), . . . , fm(t) by
(f1(t), . . . , fm(t)) := e
tk1
i1
· · · et
kl
il
a ∈ Z.
Since e˜i = UD(ei,θ), we have v(fi(t)) = ci, where v : C(t) \ {0} → Z is as in 2.5. Thus we have
v(φ(f1(t), · · · , fm(t))) =
∑
i
α˜ici,
which implies φ(f1(t), · · · , fm(t)) 6= 0. This is a contradiction.
By the above proof, we obtain the following:
Corollary 3.4. In the setting of Theorem 3.3, let Ω be the open dense orbit in X and identify T and X
by θ. Then we have T+ ⊂ Ω.
4. Fundamental Representations and Perfect Crystals
4.1. Affine weights. Let g be an affine Lie algebra and the sets t, {αi}i∈I and {α∨i }i∈I as in 2.1. We
take t so that dim t = ♯I + 1. Let δ ∈ Q+ be a unique element satisfying
{λ ∈ Q | 〈α∨i , λ〉 = 0 for any i ∈ I} = Zδ,
and let c ∈
∑
i Z≥0α
∨
i ⊂ g be a unique central element satisfying
{h ∈ Q∨ | 〈h, αi〉 = 0 for any i ∈ I} = Zc.
We write ([Kac, 6.1])
c =
∑
i
a∨i α
∨
i , δ =
∑
i
aiαi.(4.1)
Let ( , ) be the non-degenerate W -invariant symmetric bilinear form on t∗ normalized by (δ, λ) = 〈c, λ〉
for λ ∈ t∗. Let us set t∗cl := t
∗/Cδ and let cl : t∗ −→ t∗cl be the canonical projection. Then we have
t∗cl
∼=
L
i(Cα
∨
i )
∗. Set t∗0 :={λ ∈ t
∗ | 〈c, λ〉 = 0}, (t∗cl)0 :=cl(t
∗
0). Then we have a positive-definite symmetric
form on (t∗cl)0 induced by the one on t
∗. Let Λi ∈ t
∗
cl (i ∈ I) be a weight such that 〈α
∨
i ,Λj〉 = δi,j , which
is called a fundamental weight. We choose P so that Pcl := cl(P ) coincides with ⊕i∈IZΛi and we call Pcl
the classical weight lattice.
4.2. Affinization. Let Uq(g) = 〈ei, fi, qh|i ∈ I, h ∈ P 〉 be the quantum affine algebra associated with
P and U ′q(g) = 〈ei, fi, q
h|i ∈ I, h ∈ (Pcl)∗〉 its subalgebra associated with (Pcl)∗. Set Mod
f (g, Pcl) the
category of a finite dimensional U ′q(g)-module M with a weight decomposition M = ⊕λ∈PclMλ.
Let M be an object in Modf (g, Pcl). For l ∈ C×, define the U ′q(g)-module Ml as follows: There exists
a C-linear bijective homomorphism Φl :M −→M, such that
qhΦl(u) = Φl(q
hu) for h ∈ P ∗cl,
eiΦl(u) = l
δi,0Φl(eiu),
fiΦl(u) = l
−δi,0Φl(fiu).
The module Ml := Φl(M) is said to be the affinization of M ([KMN1],[K1]).
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4.3. Fundamental representation W (̟1)l. Here we consider the following affine Lie algebras g =
A
(1)
n , B
(1)
n , D
(1)
n , A
(2)
2n−1, D
(2)
n+1, A
(2)
2n . Let {Λi | i ∈ I} be the set of fundamental weights as in §4.1. Let
̟1 := Λ1 − a∨1Λ0 be the (level 0) fundamental weight, where i = 1 is the node of the Dynkin diagram as
below and a∨i is given in (4.1).
Let W (̟1) be the fundamental representation of U
′
q(g) (see [K1, Sect 5.]). By [K1, Theorem 5.17],
W (̟1) is a finite-dimensional irreducible integrable U
′
q(g)-module, an object in Mod
f (g, Plc) and has a
global basis with a simple crystal. Thus, we can consider its affinization W (̟1)l (l ∈ C×) specialized at
q = 1. Then we obtain a finite-dimensional g-module denoted also byW (̟1)l in which we shall construct
affine geometric crystals in the next section.
Note that W (̟1)l is an irreducible g-module for any g as above. But, for some i and g, W (̟i)l is not
necessarily an irreducible g-module.
Let us see the explicit description of W (̟1)l for g = A
(1)
n , B
(1)
n , D
(1)
n , A
(2)
2n−1, D
(2)
n+1, A
(2)
2n .
4.4. A
(1)
n (n ≥ 2). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type A
(1)
n is
aij =

2 if i = j,
−1 if i ≡ j ± 1 mod n+ 1,
0 otherwise.
We have c =
∑
i∈I α
∨
i and δ =
∑
i∈I αi.
The basis of W (̟1)l is {v1, v2, · · · , vn+1}, and we have
wt(vi) = Λi − Λi−1 (i = 1 · · · , n+ 1),
where we understand Λn+1 = Λ0. The explicit actions of fi’s are
fivi = vi+1 (1 ≤ i ≤ n), f0vn+1 = l
−1v1,
fivj = 0 otherwise,
and the explicit actions of ei’s are
eivi+1 = vi (1 ≤ i ≤ n), e0v1 = lvn+1,
eivj = 0 otherwise.
4.5. B
(1)
n (n ≥ 2). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type B
(1)
n is
aij =

2 i = j,
−1 |i − j| = 1 and (i, j) 6= (0, 1), (1, 0), (n, n− 1) or (i, j) = (0, 2), (2, 0)
−2 (i, j) = (n, n− 1),
0 otherwise.
The Dynkin diagram is
◦0
KK
KK
KKFF
σ

◦
2
◦
3 n−2
◦
n−1
◦ // ◦
n
◦
1
ssssss
where σ is the Dynkin diagram automorphism σ : α0 ↔ α1 which will be needed later. We have
c = α∨0 + α
∨
1 + 2
n−1∑
i=2
α∨i + α
∨
n , δ = α0 + α1 + 2
n∑
i=2
αi.
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The basis of W (̟1)l is {v1, v2, · · · , vn, v0, vn, · · · , v2, v1}, and we have
wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i 6= 0, 2, n),
wt(v2) = −Λ0 − Λ1 + Λ2, wt(v2) = Λ0 + Λ1 − Λ2,
wt(vn) = 2Λn − Λn−1, wt(vn) = Λn−1 − 2Λn, wt(v0) = 0.
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = v0, fnv0 = 2vn, env0 = 2vn, envn = v0,
f0v2 = l
−1v1, f0v1 = l
−v2, e0v1 = lv2, e0v2 = lv1,
fivj = 0 otherwise, eivj = 0 otherwise,
4.6. D
(1)
n (n ≥ 4). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type D
(1)
n is
aij =

2 i = j,
−1 |i− j| = 1 and 1 ≤ i, j ≤ n− 1 or (i, j) = (0, 2), (2, 0), (n− 2, n), (n, n− 2),
0 otherwise.
The Dynkin diagram is
◦0
KK
KK
KKFF
σ

◦
n−1
tt
tt
tt
◦
2
◦
3 n−3
◦
n−2
◦
◦
1
ssssss ◦
n
JJJJJJ
where σ is the Dynkin diagram automorphism σ : α0 ↔ α1 and σαi = αi for i 6= 0, 1. We have
c = α∨0 + α
∨
1 + 2
n−2∑
i=2
α∨i + α
∨
n−1 + α
∨
n , δ = α0 + α1 + 2
n−2∑
i=2
αi + αn−1 + αn.
The basis of W (̟1)l is {v1, v2, · · · , vn, vn, · · · , v2, v1}, and we have
wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i 6= 2, n− 1),
wt(v2) = −Λ0 − Λ1 + Λ2, wt(v2) = Λ0 + Λ1 − Λ2,
wt(vn−1) = Λn−1 + Λn − Λn−1, wt(vn−1) = Λn−2 − Λn−1 − Λn.
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = vn−1, fnvn−1 = vn, envn = vn−1, envn−1 = vn,
f0v2 = l
−1v1, f0v1 = l
−1v2, e0v1 = lv2, e0v2 = lv1,
fivj = 0 otherwise, eivj = 0 otherwise.
4.7. A
(2)
2n−1 (n ≥ 3). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type A
(2)
2n−1 is
aij =

2 i = j,
−1 |i− j| = 1 and 1 ≤ i, j ≤ n− 1 or (i, j) = (0, 2), (2, 0), (n, n− 1)
−2 (i, j) = (n− 1, n),
0 otherwise.
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The Dynkin diagram is
◦0
KK
KK
KKFF
σ

◦
2
◦
3 n−2
◦
n−1
◦ oo ◦
n
◦
1
ssssss
where σ is the Dynkin diagram automorphism σ : α0 ↔ α1. We have
c = α∨0 + α
∨
1 + 2
n∑
i=2
α∨i , δ = α0 + α1 + 2
n−1∑
i=2
αi + αn.
The basis of W (̟1)l is {v1, v2, · · · , vn, vn, · · · , v2, v1}, and we have
wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i 6= 2)
wt(v2) = −Λ0 − Λ1 + Λ2, wt(v2) = Λ0 + Λ1 − Λ2.
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = vn, envn = vn,
f0v2 = l
−1v1, f0v1 = l
−1v2, e0v1 = lv2, e0v2 = lv1,
fivj = 0 otherwise, eivj = 0 otherwise.
4.8. D
(2)
n+1 (n ≥ 2). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type D
(2)
n+1 is
aij =

2 i = j,
−1 |i− j| = 1 and (i, j) 6= (0, 1), (n, n− 1),
−2 (i, j) = (0, 1), (n, n− 1),
0 otherwise.
The Dynkin diagram is
◦ oo
0
ss
σ
++
◦
1
◦
2 n−2
◦
n−1
◦ // ◦
n
where σ is the Dynkin diagram automorphism σ : αi ↔ αn−i (i = 0, 1 · · · , n). We have
c = α∨0 + α
∨
1 + 2
n−1∑
i=2
α∨i + α
∨
n , δ =
n∑
i=0
αi.
The basis of W (̟1)l is {v1, v2, · · · , vn, v0, vn, · · · , v2, v1, φ}, and we have
wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i 6= 0, 1, n),
wt(v1) = Λ1 − 2Λ0, wt(v1) = 2Λ0 − Λ1,
wt(vn) = 2Λn − Λn−1, wt(vn) = Λn−1 − 2Λn,
wt(v0) = 0, wt(φ) = 0
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = v0, fnv0 = 2vn, env0 = 2vn, envn = v0,
f0v1 = l
−1φ, f0φ = 2l
−1v1, e0v1 = lφ, e0φ = 2lv1,
fivj = 0, fiφ = 0 otherwise, eivj = 0, eiφ = 0 otherwise.
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4.9. A
(2)
2n (n ≥ 2). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type A
(2)
2n is
aij =

2 i = j,
−1 |i− j| = 1 and (i, j) 6= (0, 1), (n− 1, n),
−2 (i, j) = (0, 1), (n− 1, n),
0 otherwise.
Then the Dynkin diagram is
◦ oo
0
◦
1
◦
2 n−2
◦
n−1
◦ oo ◦
n
Note that there exists no Dynkin diagram automorphism in this case. We have
c = α∨0 + 2
n∑
i=1
α∨i , δ = 2
n−1∑
i=0
αi + αn.
In this case, we denote this type by (A
(2)
2n , ̟1) in order to distinguish it with the type (A
(2)
2n †, ̟1). Then
the basis of W (̟1)l is {v1, v2, · · · , vn, vn, · · · , v2, v1, ∅}, and we have
wt(v1) = Λ1 − 2Λ0, wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i = 2, . . . , n),
wt(v1) = 2Λ0 − Λ1, wt(∅) = 0.
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = vn, envn = vn,
f0v1 = l
−1∅, f0∅ = 2l−1v1, e0v1 = l∅, e0∅ = 2lv1,
fivj = 0 otherwise, eivj = 0, otherwise.
4.10. A
(2) †
2n (n ≥ 2). The Cartan matrix (aij)i,j∈I (I := {0, 1, . . . , n}) of type A
(2)
2n
†
is
aij =

2 i = j,
−1 |i− j| = 1 and (i, j) 6= (1, 0), (n, n− 1),
−2 (i, j) = (1, 0), (n, n− 1),
0 otherwise.
Then the Dynkin diagram is
◦ //
0
◦
1
◦
2 n−2
◦
n−1
◦ // ◦
n
Note that there exists no Dynkin diagram automorphism in this case. We have
c = 2
n−1∑
i=0
α∨i + α
∨
n , δ = α0 + 2
n∑
i=1
αi.
In this case, we denote this type by (A
(2) †
2n , ̟1) in order to distinguish it with the type (A
(2)
2n , ̟1). Then
the basis of W (̟1)l is {v1, v2, · · · , vn, v0, vn, · · · , v2, v1}, and we have
wt(vi) = Λi − Λi−1, wt(vi) = Λi−1 − Λi (i = 1, . . . , n− 1),
wt(vn) = 2Λn − Λn−1, wt(v0) = 0, wt(v1) = Λn−1 − 2Λn.
The explicit forms of the actions by fi’s and ei’s are
fivi = vi+1, fivi+1 = vi (1 ≤ i < n), eivi+1 = vi, eivi = vi+1 (1 ≤ i < n),
fnvn = v0, fnv0 = 2vn, env0 = 2vn, envn = v0,
f0v1 = l
−1v1, e0v1 = lv1,
fivj = 0, otherwise, eivj = 0, otherwise.
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4.11. Limit of perfect crystals. We review the limits of perfect crystals following [KKM]. (See also
[KMN1],[KMN2].)
Let g be an affine Lie algebra, Pcl the classical weight lattice as above and for l ∈ Z>0 set (Pcl)
+
l :=
{λ ∈ Pcl | 〈c, λ〉 = l, 〈α∨i , λ〉 ≥ 0}.
Definition 4.1. We say that a crystal B is perfect of level l if
(i) B ⊗B is connected as a crystal graph.
(ii) There exists λ0 ∈ Pcl such that
wt(B) ⊂ λ0 +
∑
i6=0
Z≤0cl(αi), ♯Bλ0 = 1
(iii) There exists a finite-dimensional U ′q(g)-module V with a crystal pseudo-base Bps such that B
∼=
Bps/±1
(iv) Set ε(b):=
∑
i εi(b)Λi and ϕ(b):=
∑
i ϕi(b)Λi. For any b ∈ B, 〈c, ε(b)〉 ≥ l and the maps ε, ϕ : B
min :=
{b ∈ B | 〈c, ε(b)〉 = l}−→(P+cl )l are bijective.
For an affine Lie algebra g, let {Bl(g)}l≥1 be a family of perfect crystals of level l and set J :={
(l, b) | l > 0, b ∈ Bminl
}
.
Definition 4.2. A crystal B∞ = B∞(g) with an element b∞ is called the limit of {Bl}l≥1 if
(i) wt(b∞) = ε(b∞) = ϕ(b∞) = 0.
(ii) For any (l, b) ∈ J , there exists an embedding of crystals:
f(l,b) : Tε(b) ⊗Bl ⊗ T−ϕ(b) →֒ B∞
tε(b) ⊗ b ⊗ t−ϕ(b) 7→ b∞
(iii) B∞ =
⋃
(l,b)∈J Imf(l,b).
As for the crystal Tλ, see Example 2.3 (iii). If the limit of a family {Bl} exists, we say that {Bl} is a
coherent family of perfect crystals.
Remark. By the definition of perfect crystals, any perfect crystal is connected and then the limit of
a coherent family of perfect crystals is also connected.
5. Affine Geometric Crystals
Following the method in [KNO], we shall construct the affine geometric crystal V(g)l (l ∈ C×) in the
g-module W (̟1)l the affinization of the fundamental representation W (̟1).
5.1. Translation t( ˜̟ 1). For ξ0 ∈ (t∗cl)0, let t(ξ0) be as in [K1, Sect.4], that is,
t(ξ0)(λ) := λ+ (δ, λ)ξ − (ξ, λ)δ −
(ξ, ξ)
2
(δ, λ)δ
for ξ ∈ t∗ such that cl(ξ) = ξ0. Then t(ξ0) does not depend on the choice of ξ, and it is well-defined.
Let c∨i be as follows([K2]):
c∨i := max(1,
2
(αi, αi)
).(5.1)
Then t(m̟i) belongs to the extended Weyl group W˜ if and only if m ∈ c∨i Z. Setting ˜̟ i := c∨i ̟i
(i ∈ I), t( ˜̟ 1) is expressed as follows (see e.g. [KOTUY]):
t( ˜̟ 1) =

ι(snsn−1 · · · s2s1) A
(1)
n case,
ι(s1 · · · sn)(sn−1 · · · s2s1) B
(1)
n , A
(2)
2n−1 cases,
(s0s1 · · · sn)(sn−1 · · · s2s1) C
(1)
n , D
(2)
n+1 cases,
ι(s1 · · · sn)(sn−2 · · · s2s1) D
(1)
n case,
(s0s1 · · · sn)(sn−1 · · · s2s1) A
(2)
2n , A
(2) †
2n cases,
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where ι is the Dynkin diagram automorphism
ι =
{
σ g = A
(1)
n , B
(1)
n , A
(2)
2n−1,
α0 ↔ α1 and αn−1 ↔ αn g = D
(1)
n .
Now, we know that each t( ˜̟ 1) is in the form w1 or ι · w1 for some w1 ∈W , e.g., w1 = sn · · · s1 for A(1)n ,
w1 = (s1 · · · sn)(sn−1 · · · s1) for B
(1)
n , etc., . . . .
In the case A
(2)
2n (resp. g = A
(2) †
2n ), η := wt(vn) = Λn−1 − Λn (resp. Λn−1 − 2Λn) is a unique weight of
W (̟1)l which satisfies 〈α∨i , η〉 ≥ 0 for i 6= n. For this η we have
(5.2) t(η) = (snsn−1 · · · s1)(s0s1 · · · sn−1) =: w2,
which will be used later.
5.2. Affine geometric crystals in W (̟1)l. Let σ be the Dynkin diagram automorphism as in 4.4–4.8
and w1 = si1 · · · sik be as in the previous subsection. Let H be an element in t such that
αi(H) =

1 if i = 1 and g 6= D
(2)
n+1, A
(2)
2n , A
(2)
2n
†
,
2 if i = 1 and g = D
(2)
n+1, A
(2)
2n , A
(2)
2n
†
,
−1 if i = 0 and g 6= D
(2)
n+1, A
(2)
2n , A
(2)
2n
†
,
−2 if i = 0 and g = D
(2)
n+1, A
(2)
2n , A
(2)
2n
†
,
0 otherwise.
Set
(5.3) V(g)l := {v(x1, . . . , xk) := Yi1(x1) · · ·Yik(xk)l
Hv1
∣∣x1, . . . , xk ∈ C×} ⊂W (̟1)l
Let g0 ⊂ g (resp. G0 ⊂ G) be a simple Lie algebra (resp. simple algebraic group) corresponding to the
index set I0 :=I \{0}. Since the vector v1 satisfies xi(c)v1 = v1 for any i ∈ I0, the actions of eci (i ∈ I0) on
v(x) and Yi1(x1) · · ·Yik(xk)·l
H coincide each other. Therefore, V(g)l has a G0-geometric crystal structure
same as that of B−i1···ik · l
H (see 2.3), Moreover (C×)k → V(g)l given by (x1, . . . , xk) 7→ v(x1, . . . , xk) is a
birational map. We shall define a G-geometric crystal structure on V(g)l by using the Dynkin diagram
automorphism σ except for A
(2)
2n . This σ induces an automorphism of W (̟1)l, which is denoted by
σl : W (̟1)l −→ W (̟1)l. The following theorems are analogous results to Theorem 5.1 and 5.2 in
[KNO].
Theorem 5.1. (i) Case g 6= A
(2)
2n , A
(2)
2n
†
. For x = (x1 · · · , xk) ∈ (C×)k, there exist a unique y =
(y1, . . . , yk) ∈ (C
×)k and a positive rational function a(x) such that
(5.4) v(y) = a(x)σl(v(x)), εσ(i)(v(y)) = εi(v(x)) if i, σ(i) 6= 0.
(ii) Case g = A
(2)
2n (resp. A
(2)
2n
†
). Associated with w1 and w2 as in the previous section, we define
V(g)l := {v1(x) = Y0(x0)Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×},
V2(g)l := {v2(y) = Yn(yn) · · ·Y1(y1)Y0(y0)Y1(y1) · · ·Yn−1(yn−1)l
H′vn
∣∣ yi, yi ∈ C×},
where α0(H
′) = 2 (resp. α0(H
′) = 2), αn(H
′) = −4 (resp. αn(H ′) = −1) and αi(H ′) = 0
otherwise. (Note that wt(v1)(H) = wt(vn)(H
′).) For any x ∈ (C×)2n there exist a unique y ∈
(C×)2n and a rational function a(x) such that v2(y) = a(x)v1(x).
Now, using this theorem, we define the rational mapping
(5.5)
σ : V(g)l −→ V(g)l, σ : V(g)l −→ V2(g)l,
v(x) 7→ v(y) (g 6= A
(2)
2n , A
(2)
2n
†
), v1(x) 7→ v2(y) (g = A
(2)
2n , A
(2)
2n
†
),
TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 15
Theorem 5.2. The rational mapping σ is birational. If we define a g0-geometric crystal structure on
V(g)l by the one on B
−
i1···ik
·lH (w1 = si1 · · · sik) as in 2.3 and a rational C
×-action e0 : C
××V(g)l → V(g)l
and rational functions wt0 and ε0 on V(g)l by
(5.6)
ec0 := σ−1 ◦ ecσ(0) ◦ σ, ε0 := εσ(0) ◦ σ, γ0 := γσ(0) ◦ σ, for g 6= A
(2)
2n , A
(2)
2n
†
,
ec0 := σ
−1 ◦ ec0 ◦ σ, ε0 := ε0 ◦ σ, γ0 := γ0 ◦ σ, for g = A
(2)
2n , A
(2)
2n
†
.
then (V(g)l, {ei}i∈I , {γi}i∈I , {εi}i∈I) turns out to be an affine g-geometric crystal.
Remark. In the case g = A
(2)
2n and A
(2)
2n
†
, V2(g)l has a gI\{n}-geometric crystal structure. Thus,
e0, γ0, ε0 are well-defined on V2(g)l.
The following lemma shows Theorem 5.2 partially.
Lemma 5.3. Suppose that g 6= A
(2)
2n , A
(2)
2n
†
. If there exists σ as above and
(5.7) ecσ(i) = σ ◦ e
c
i ◦ σ
−1, γi = γσ(i) ◦ σ, εi = εσ(i) ◦ σ,
for i 6= σ−1(0), 0, then we obtain
(i)
ec10 e
c2
i = e
c2
i e
c1
0 if a0i = ai0 = 0,
ec10 e
c1c2
i e
c2
0 = e
c2
i e
c1c2
0 e
c2
i if a0iai0 = 1,
ec10 e
c21c2
i e
c1c2
0 e
c2
i = e
c2
i e
c1c2
0 e
c21c2
i e
c1
0 if a0i = −2, ai0 = −1,
ec20 e
c1c2
i e
c21c2
0 e
c1
i = e
c1
i e
c21c2
0 e
c1c2
i e
c2
0 if a0i = −1, ai0 = −2.
(ii) γ0(e
c
i (v(x))) = c
ai0γ0(v(x)) and γi(e
c
0(v(x))) = c
a0iγi(v(x)).
(iii) ε0(e
c
0(v(x))) = c
−1ε0(v(x)).
Proof. For example, we have
γ0(e
c
i (v(x))) = γσ(0)(σe
c
iσ
−1(σ(v(x))))
= γσ(0)(e
c
σ(i)(σ(v(x)))) = c
aσ(i),σ(0)γσ(0)(σ(v(x)))
= cai,0γ0(v(x)),
where we use aσ(i),σ(0) = ai0 in the last equality. The other assertions are obtained similarly.
In the rest of this section, we shall prove Theorem 5.1 and Theorem 5.2 in case-by-case methods.
5.3. A
(1)
n -case (n ≥ 2). We have w1 := snsn−1 · · · s2s1, and
V(A(1)n )l := {Yn(xn) · · ·Y2(x2)Y1(x1)l
Hv1
∣∣ xi ∈ C×} ⊂W (̟1)l.
Since yi(
1
c
) = exp( fi
c
) = 1+ c−1fi on W (̟1), v(x) = Yn(xn) · · ·Y2(x2)Y1(x1)l
Hv1 is explicitly written as
v(x) = v(x1, . . . , xn) = l
m
(
n∑
i=1
xivi + vn+1
)
,
where m = ̟1(H). Let σ : αk 7→ αk+1 (k ∈ I) be the Dynkin diagram automorphism for A
(1)
n , which
gives rise to the automorphism σl : W (̟1)l →W (̟1)l. We have
σl(vi) =
{
vi+1 i 6= n+ 1,
l−1v1 i = n+ 1.
Then, we obtain
σl(v(x)) = l
m(l−1v1 +
n∑
i=1
xivi+1).
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Then the equation v(y) = a(x)σl(v(x)), i.e.
n∑
i=1
yivi + vn+1 = a(x)(l
−1v1 +
n∑
i=1
xivi+1)
is solved by
(5.8) a(x) =
1
xn
, y1 =
1
lxn
, yi =
xi−1
xn
(i = 2, . . . , n),
that is
(5.9) σ(v(x1 · · · , xn)) = v(
1
lxn
,
x1
xn
, . . . ,
xn−1
xn
).
The An-geometric crystal structure on V(A
(1)
n )l induced from the one on B
−
w1
· lH is given by:
eci (v(x1, . . . , xn)) = v(x1, . . . , cxi, . . . , xn) (i = 1, . . . , n),(5.10)
γ1(v(x)) =
lx21
x2
, γi(v(x)) =
x2i
xi−1xi+1
(i = 2, . . . , n− 1), γn(v(x)) =
x2n
xn−1
,(5.11)
εi(v(x)) =
xi+1
xi
(i = 1, . . . , n− 1), εn(v(x)) =
1
xn
.(5.12)
Then we have
εi+1(σ(v(x))) =
{
xi+1
xi
if i = 1 · · · , n− 2,
xn
xn−1
if i = n− 1,
which implies εσ(i)(σ(v(x))) = εi(v(x)), and then we completed the proof of Theorem 5.1 for A
(1)
n .
Now, we define ec0, γ0 and ε0 by
(5.13) ec0 := σ
−1 ◦ ec1 ◦ σ, γ0 := γ1 ◦ σ, ε0 := ε1 ◦ σ.
Their explicit forms are
ec0(v(x)) = v(
x1
c
,
x2
c
, . . . ,
xn
c
),(5.14)
γ0(v(x)) =
1
lx1xn
, ε0(v(x)) = lx1.(5.15)
Thus, we can check (5.7) easily, and then Lemma 5.3 reduces the proof of Theorem 5.2 to the statements:
ec10 e
c1c2
n e
c2
0 = e
c2
n e
c1c2
0 e
c1
n ,(5.16)
γ0(e
c
n(v(x))) = c
−1γ0(v(x)), γn(e
c
0(v(x))) = c
−1γn(v(x)).(5.17)
These are immediate from (5.10)– (5.15). Thus, we obtain Theorem 5.2 for A
(1)
n .
Let us introduce the following A
(1)
n -geometric crystal BL(A
(1)
n ) (L ∈ C×) ([KOTY]):
BL(A
(1)
n ) := {l = (l1, . . . , ln, ln+1) ∈ (C
×)n+1|l1 · · · ln+1 = L},
eci(l) = (· · · , cli, c
−1li+1, . . .), γi(l) =
li
li+1
, εi(l) = li+1 (i = 0, 1, . . . , n),
where we understand l0 = ln+1.
We have BL(A
(1)
n ) ∼= V(A
(1)
n )L. Indeed, defining φ : BL(A
(1)
n ) → V(A
(1)
n )L by φ(l1, · · · , ln+1) =
v( l1
L
, l1l2
L
, · · · , l1···ln
L
), it is easy to see that φ is an isomorphism of geometric crystals.
TROPICAL R MAPS AND AFFINE GEOMETRIC CRYSTALS 17
5.4. B
(1)
n -case (n ≥ 2). We have w1 = s1 · · · sn−1snsn−1 · · · s1, and
V(B(1)n )l := {v(x) = Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
It follows from the explicit description of W (̟1)l as in 4.5
v(x1, . . . , xn, xn−1, . . . , x1) = l
m
{(
n∑
i=1
ξi(x)vi
)
+ xnv0 +
(
n∑
i=2
xi−1vi
)
+ v1
}
,
where m := ̟1(H) and ξi(x) :=

x1x1 i = 1
xi−1xi−1 + xixi
xi−1
i 6= 1, n
xn−1xn−1 + x
2
n
xn−1
i = n
The automorphism σl :W (̟1)l →W (̟1)l is given as
(5.18) σlv1 = lv1, σlv1 = l
−1v1, σlvk = vk otherwise.
Then we have
σl(v(x)) = l
m
{
l−1v1 +
(
n∑
i=2
ξi(x)vi
)
+ xnv0 +
(
n∑
i=2
xi−1vi
)
+ lx1x1v1
}
,
The equation v(y) = a(x)σl(v(x)) (x, y ∈ (C×)2n−1) has a unique solution:
(5.19) a(x) =
1
lx1x1
, yi = a(x)xi =
xi
lx1x1
(1 ≤ i ≤ n), yi = a(x)xi =
xi
lx1x1
(1 ≤ i < n).
Hence we have the rational mapping:
(5.20) σ(v(x)) := v(y) = v
(
x1
lx1x1
,
x2
lx1x1
, · · · ,
xn
lx1x1
,
xn−1
lx1x1
, · · · ,
x1
lx1x1
)
.
By the explicit form of σ in (5.20), we have σ2 = id, which means that the morphism σ is birational. In
this case, the second condition in Theorem 5.1 is trivial since σ(i) = i if i, σ(i) 6= 0. Thus, the proof of
Theorem 5.1 in this case is completed.
Now, we set ec0 := σ ◦ e
c
1 ◦ σ, γ0 := γ1 ◦ σ and ε0 := ε1 ◦ σ.
The explicit forms of ei’s, εi’s and γi’s are:
ec0 : x1 7→ x1
cx1x¯1 + x2x¯2
c(x1x¯1 + x2x¯2)
xi 7→
xi
c
(2 ≤ i ≤ n)
x¯1 7→ x¯1
x1x¯1 + x2x¯2
cx1x¯1 + x2x¯2
, x¯i 7→
x¯i
c
(2 ≤ i ≤ n− 1),
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
, xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i) (1 ≤ i < n− 1),
ecn−1 : xn−1 7→ xn−1
cxn−1xn−1 + x
2
n
xn−1xn−1 + x2n
, xn−1 7→ xn−1
c(xn−1xn−1 + x
2
n)
cxn−1xn−1 + x2n
,
xj 7→ xj , xj 7→ xj (j 6= n− 1),
ecn : xn 7→ cxn, xj 7→ xj xj 7→ xj (j 6= n),
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ε0(v(x)) =
l(x1x1 + x2x2)
x1
, ε1(v(x)) =
1
x1
(
1 +
x2x2
x1x1
)
,
εi(v(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(2 ≤ i ≤ n− 2),
εn−1(v(x)) =
xn−2
xn−1
(
1 +
x2n
xn−1xn−1
)
, εn(v(x)) =
xn−1
xn
,
γ0(v(x)) =
1
lx2x2
, γ1(v(x)) =
l(x1x1)
2
x2x2
, γi(v(x)) =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 2),
γn−1(v(x)) =
(xn−1xn−1)
2
xn−2xn−2x2n
, γn(v(x)) =
x2n
xn−1xn−1
.
Since σ(i) = i for i 6= 0, 1, the condition (5.7) in Lemma 5.3 can be easily seen by (5.20) and by the
explicit form of ei, γi and εi (i ∈ I). Thus, in order to prove Theorem 5.2, it suffices to show that
ec10 e
c2
1 = e
c2
1 e
c1
0 ,(5.21)
γ0(e
c
1(v(x))) = γ0(v(x)), γ1(e
c
0(v(x))) = γ1(v(x)).(5.22)
It follows from the explicit formula above that
ec10 e
c2
1 (v(x)) = e
c2
1 e
c1
0 (v(x)) = v
(
x1
c1c2x1x1 + x2x2
c1(x1x1 + x2x2)
,
x2
c1
, · · · ,
x2
c1
, x1
c2(x1x1 + x2x2)
c1c2x1x1 + x2x2
)
,
which implies (5.21). We get (5.22) immediately from the formula above and we complete the proof of
Theorem 5.2 for B
(1)
n .
5.5. D
(1)
n -case (n ≥ 4). We have w1 = s1s2 · · · sn−1snsn−2sn−3 · · · s2s1, and
V(D(1)n )l := {v(x) = Y1(x1) · · ·Yn−1(xn−1)Yn(xn)Yn−2(x¯n−2) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
It follows from the explicit form of W (̟1)l in 4.6 that yi(c
−1) = exp(c−1fi) = 1 + c
−1fi on W (̟1).
Thus, we have
v(x) = lm
{(
n−1∑
i=1
ξi(x)vi
)
+ xnvn +
(
n∑
i=2
xi−1vi
)
+ v1
}
,
where m := ̟1(H), ξi(x) :=

x1x1 i = 1
xi−1xi−1+xixi
xi−1
i 6= 1, n− 1
xn−2xn−2+xn−1xn
xn−2
i = n− 1
The automorphism σl :W (̟1)l →W (̟1)l is given as
σlv1 = lv1, σlv1 = l
−1v1, σlvk = vk otherwise.
Then we have
σl(v(x)) = l
m
{
l−1v1 +
(
n∑
i=2
ξi(x)vi
)
+ xnvn +
(
n−1∑
i=1
xi−1vi
)
+ lξ1v1
}
.
Then the equation v(y) = a(x)σl(v(x)) (x, y ∈ (C×)2n−2) has the following unique solution:
(5.23) a(x) =
1
lx1x1
, yi = a(x)xi =
xi
lx1x1
(1 ≤ i ≤ n), yi = a(x)xi =
xi
lx1x1
(1 ≤ i ≤ n− 2).
We define the rational mapping σ : V(D
(1)
n )l −→ V(D
(1)
n )l by
(5.24) σ(v(x)) = v
(
x1
lx1x1
,
x2
lx1x1
, · · · ,
xn
lx1x1
,
xn−2
lx1x1
, · · · ,
x1
lx1x1
)
.
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It is immediate from (5.24) that σ2 = id, which implies the birationality of the morphism σ. In this case,
the second condition in Theorem 5.1 is trivial since σ(i) = i if i, σ(i) 6= 0. Thus, the proof of Theorem
5.1 for D
(1)
n is completed.
Now, we set ec0 := σ ◦ e
c
1 ◦ σ, γ0 := γ1 ◦ σ and ε0 := ε1 ◦ σ. The explicit forms of ei, εi and γi are:
ec0 : x1 7→ x1
cx1x¯1 + x2x¯2
c(x1x¯1 + x2x¯2)
xi 7→
xi
c
(2 ≤ i ≤ n)
x¯1 7→ x¯1
x1x¯1 + x2x¯2
cx1x¯1 + x2x¯2
, x¯i 7→
x¯i
c
(2 ≤ i ≤ n− 2),
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i), (1 ≤ i ≤ n− 3),
ecn−2 : xn−2 7→ xn−2
cxn−2xn−2 + xn−1xn
xn−2xn−2 + xn−1xn
, xn−2 7→ xn−2
c(xn−2xn−2 + xn−1xn)
cxn−2xn−2 + xn−1xn
,
xj 7→ xj , xj 7→ xj (j 6= n− 2),
ecn−1 : xn−1 7→ cxn−1, xj 7→ xj , xj 7→ xj (j 6= n− 1),
ecn : xn 7→ cxn, xj 7→ xj , xj 7→ xj (j 6= n),
ε0(v(x)) =
l(x1x1 + x2x2)
x1
, ε1(v(x)) =
1
x1
(
1 +
x2x2
x1x1
)
,
εi(v(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(2 ≤ i ≤ n− 3),
εn−2(v(x)) =
xn−3
xn−2
(
1 +
xn−1xn
xn−2xn−2
)
, εn−1(v(x)) =
xn−2
xn−1
, εn(v(x)) =
xn−2
xn
,
γ0(v(x)) =
1
lx2x2
, γ1(v(x)) =
l(x1x1)
2
x2x2
, γi(v(x)) =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 3),
γn−2(v(x)) =
(xn−2xn−2)
2
xn−3xn−3xn−1xn
, γn−1(v(x)) =
x2n−1
xn−2xn−2
, γn(v(x)) =
x2n
xn−2xn−2
.
By these formulas, we can show Theorem 5.2 for D
(1)
n similarly to the one for B
(1)
n .
5.6. A
(2)
2n−1-case (n ≥ 3). We have w1 = s1s2 · · · snsn−1 · · · s2s1, and
V(A
(2)
2n−1)l := {v(x) := Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
In this case, yi(c
−1) = exp(c−1fi) = 1 + c
−1fi on W (̟1), and we have
v(x1, . . . , xn, xn−1, . . . , x1)
= lm
{(
n∑
i=1
ξivi
)
+
(
n∑
i=2
xi−1vi
)
+ v1
}
, where m := ̟1(H), ξi :=

x1x1 i = 1
xi−1xi−1+xixi
xi−1
i 6= 1, n
xn−1xn−1+xn
xn−1
i = n
The automorphism σl :W (̟1)l →W (̟1)l is given as
σlv1 = lv1, σlv1 = l
−1v1, σlvk = vk otherwise.
Then we have
σl(v(x)) = l
m
{
l−1v1 +
(
n∑
i=2
ξivi
)
+
(
n∑
i=2
xi−1vi
)
+ lx1x1v1
}
,
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Solving v(y) = a(x)σl(v(x)) (x, y ∈ (C×)2n−1), we obtain a unique solution:
(5.25)
a(x) =
1
lx1x1
, yi = a(x)xi =
xi
lx1x1
, yi = a(x)xi =
xi
lx1x1
(1 ≤ i ≤ n− 1), yn = a(x)
2xn =
xn
(lx1x1)2
.
Here we have
(5.26) σ(v(x)) = v
(
x1
lx1x1
,
x2
lx1x1
, · · · ,
xn
(lx1x1)2
,
xn−1
x1x1
, · · · ,
x1
x1x1
)
.
By the explicit form of σ in (5.26), we have σ2 = id, which means that the morphism σ is birational. In
this case, the second condition in Theorem 5.1 is trivial since σ(i) = i if i, σ(i) 6= 0. Thus, the proof of
Theorem 5.1 for A
(2)
2n−1 is completed.
Now, we set ec0 := σ ◦ e
c
1 ◦ σ, γ0 := γ1 ◦ σ and ε0 := ε1 ◦ σ. The explicit forms of ei, εi and γi are:
ec0 : x1 7→ x1
cx1x¯1 + x2x¯2
c(x1x¯1 + x2x¯2)
xi 7→
xi
c
(2 ≤ i ≤ n− 1), xn 7→
xn
c2
x¯1 7→ x¯1
x1x¯1 + x2x¯2
cx1x¯1 + x2x¯2
, x¯i 7→
x¯i
c
(2 ≤ i ≤ n− 1),
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i) (1 ≤ i < n− 1),
ecn−1 : xn−1 7→ xn−1
cxn−1xn−1 + xn
xn−1xn−1 + xn
xn−1 7→ xn−1
c(xn−1xn−1 + xn)
cxn−1xn−1 + xn
,
xj 7→ xj , xj 7→ xj (j 6= n− 1),
ecn : xn 7→ cxn, xj 7→ xj , xj 7→ xj (j 6= n).
ε0(v(x)) =
l(x1x1 + x2x2)
x1
, ε1(v(x)) =
1
x1
(
1 +
x2x2
x1x1
)
,
εi(v(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(2 ≤ i ≤ n− 2),
εn−1(v(x)) =
xn−2
xn−1
(
1 +
xn
xn−1xn−1
)
, εn(v(x)) =
x2n−1
xn
,
γ0(v(x)) =
1
lx2x2
, γ1(v(x)) =
l(x1x1)
2
x2x2
, γi =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 2),
γn−1(v(x)) =
(xn−1xn−1)
2
xn−2xn−2xn
, γn(v(x)) =
x2n
(xn−1xn−1)2
.
We can show Theorem 5.2 for A
(2)
2n−1 similarly to the one for B
(1)
n .
5.7. D
(2)
n+1-case (n ≥ 2). We have w1 = s0s1 · · · snsn−1 · · · s2s1, and
V(D
(2)
n+1)l := {v(x) := Y0(x0)Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
It follows from the explicit description of W (̟1)l as in 4.8 that on W (̟1)l:
yi(c
−1) = exp(c−1fi) =
{
1 + c−1fi i 6= 0, n,
1 + c−1fi +
1
2c2 f
2
i i = 0, n.
Then we have
v(x) = lm
{(
n∑
i=1
ξi(x)vi
)
+ xnv0 + l
−1x0φ+
(
n∑
i=2
xi−1vi
)
+ x20v1
}
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where
m :=̟1(H), ξi(x) :=

l−2x20+x1x1
x20
i = 1
xi−1xi−1+xixi
xi−1
i 6= 1, n
xn−1xn−1+x
2
n
xn−1
i = n.
The automorphism σl :W (̟1)l →W (̟1)l is given as
σlv1 = lvn, σlv1 = l
−1vn, σlvn = lv1, σlvn = l
−1v1,
σlv0 = φ, σlφ = v0, σlvi+1 = vn−i, σlvi+1 = vn−i (1 ≤ i < n− 1).
Then we have
σl(v(x))
= lm
{
l−1xn−1v1 +
(
n−1∑
i=2
xn−ivi
)
+ l−1x20vn + lξnvn +
(
n−1∑
i=2
ξn−i+1vi
)
+ lξ1vn + xnφ+ x0v0
}
,
Solving v(y) = a(x)σl(v(x)) (x, y ∈ (C
×)2n), we get a unique solution:
a(x) =
xn−1xn−1 + x
2
n
lxn−1x2n
,
y0 = la(x)xn =
xn−1xn−1 + x
2
n
xn−1xn
,
yi =
(xn−i−1xn−i−1 + xn−ixn−i)(xn−1xn−1 + x
2
n)
lxn−i−1xn−1x2n
(1 ≤ i < n),
yn−1 =
(l−2x20 + x1x1)(xn−1xn−1 + x
2
n)
x20xn−1x
2
n
,
yn =
x0(xn−1xn−1 + x
2
n)
l2xn−1x2n
,
yi =
(xn−1xn−1 + x
2
n)xn−i−1xn−ixn−i
l(xn−i−1xn−i−1 + xn−ixn−i)xn−1x2n
(1 ≤ i ≤ n− 2),
yn−1 =
(xn−1xn−1 + x
2
n)x
2
0x1x1
(x20 + l
2x1x1)xn−1x2n
.
Then we have the rational mapping σ : V(D
(2)
n+1)l −→ V(D
(2)
n+1)l defined by v(x) 7→ v(y). The explicit
forms of εi (1 ≤ i ≤ n) are as follows:
ε1(v(x)) =
x20
x1
(
1 +
x2x2
x1x1
)
, εn(v(x)) =
xn−1
xn
,
εi(v(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(2 ≤ i ≤ n− 2), εn−1(v(x)) =
xn−2
xn−1
(
1 +
x2n
xn−1xn−1
)
.
Then we get easily that εn−i(v(y)) = εi(v(x)) (1 ≤ i ≤ n − 1), which finishes the proof of Theorem 5.1
for D
(2)
n+1.
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Let us define ec0 := σ ◦ e
c
n ◦ σ (σ
2 = id), γ0 := γn ◦ σ and ε0 := εn ◦ σ. The explicit forms of ei, γi and
ε0 are
ec0 : x0 7→ x0
c2x20 + l
2x1x¯1
c(x20 + l
2x1x¯1)
, xi 7→ xi
c2x20 + l
2x1x¯1
c2(x20 + l
2x1x¯1)
(1 ≤ i ≤ n),
x¯i 7→ x¯i
c2x20 + l
2x1x¯1
c2(x20 + l
2x1x¯1)
(1 ≤ i ≤ n− 1),
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
, xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i), (1 ≤ i < n− 1),
ecn−1 : xn−1 7→ xn−1
cxn−1xn−1 + x
2
n
xn−1xn−1 + x2n
, xn−1 7→ xn−1
c(xn−1xn−1 + x
2
n)
cxn−1xn−1 + x2n
,
xj 7→ xj , xj 7→ xj (j 6= n− 1),
ecn : xn 7→ cxn, xj 7→ xj , xj 7→ xj (j 6= n),
γ0(v(x)) =
x20
l2x1x1
, γ1(v(x)) =
(lx1x1)
2
x20x2x2
, γi(v(x)) =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 2),
γn−1(v(x)) =
(xn−1xn−1)
2
xn−2xn−2x2n
, γn(v(x)) =
x2n
xn−1xn−1
,
ε0(v(x)) =
x20 + l
2x1x1
x30
.
Let us check the condition (5.7) in Lemma 5.3. The following are useful for this purpose:
yiyi = a(x)
2xn−ixn−i, y0 = a(x)xn,(5.27)
a(v(y)) = a(σ(v(x))) =
1
a(v(x))
.(5.28)
Using these we can easily check the two conditions γi = γσ(i) ◦ σ and εi = εσ(i) ◦ σ. The condition
ecσ(i) = σ ◦ e
c
i ◦ σ
−1 for i = 2, · · · , n− 2 is also immediate from (5.27) and (5.28). Next let us see the case
i = 1, n− 1. We have
a(ecn−1(v(y))) =
y2n + cyn−1yn−1
y2nyn−1
cyn−1yn−1y+y
2
n
yn−1yn−1y+y
2
n
=
yn−1yn−1y + y
2
n
yn−1y2n
=
1
a(v(x))
Using this, we can get ecn−i = σ ◦ e
c
1 ◦ σ
−1 and then ec1 = σ ◦ e
c
n−1 ◦ σ
−1 since σ2 = id. Now, it remains
to show that
ec10 e
c2
n = e
c2
n e
c1
0 , ε0(e
c
n(v(x))) = ε0(v(x)), εn(e
c
0(v(x))) = εn(v(x)).
They easily follow from the explicit form of ec0. Thus, the proof of Theorem 5.2 in this case is completed.
5.8. A
(2)
2n -case (n ≥ 2). As in the beginning of this section, we have w1 = s0s1 · · · snsn−1 · · · s2s1 and
V(A
(2)
2n )l := {v1(x) = Y0(x0)Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
By the explicit description of W (̟1)l as in 4.9, on W (̟1)l we have:
yi(c
−1) = exp(c−1fi) =
{
1 + c−1fi i 6= 0,
1 + c−1f0 +
1
2c2 f
2
0 i = 0.
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Then we have
v1(x) = l
m
{(
n∑
i=1
ξi(x)vi
)
+ x20v1 +
(
n∑
i=2
xi−1vi+
)
+
x0
l
∅
}
,
where m := ̟1(H), ξi(x) :=

l−2x20+x1x1
x20
i = 1
xi−1xi−1+xixi
xi−1
i 6= 1, n
xn−1xn−1+xn
xn−1
i = n.
Next, for w2 = snsn−1 · · · s1s0s1 · · · sn−1, we set
V2(A
(2)
2n )l := {v2(y) = Yn(yn) · · ·Y1(y1)Y0(y0)Y1(y1) · · ·Yn−1(yn−1)l
H′vn
∣∣ yi, yi ∈ C×}.
Then we have
v2(y) = l
m
{(
n∑
i=1
yi
l2
vi
)
+
(
n∑
i=1
ηi(y)vi
)
+
y0
l
∅
}
where ηi(y) :=

y20+y1y1
y1
i = 1
yi−1yi−1+yiyi
yi
i 6= 1, n
yn−1yn−1+l
−2yn
yn
i = n.
Note that ̟1(H) = m = wt(vn)(H
′) = (̟n(H
′)). For x ∈ (C×)2n there exist a unique y = (y0, . . . , y1) ∈
(C×)2n and a(x) such that v2(y) = a(x)v1(x). They are given by
a(x) =
xn−1xn−1 + xn
l2xn−1xn
,
y0 = a(x)x0 =
x0(xn−1xn−1 + xn)
l2xn−1xn
,
y1 = l
2a(x)ξ1(x) =
(xn−1xn−1 + xn)(x0 + l
2x1x1)
x20xn−1xn
,
yi = l
2a(x)ξi(x) =
(xi−1xi−1 + xixi)(xn−1xn−1 + xn)
xi−1xn−1xn
(1 < i < n),
yn = l
2a(x)ξn =
(xn−1xn−1 + xn)
2
x2n−1xn
,
y1 = a(x)
l2x20x1x1
x0 + l2x1x1
=
(xn−1xn−1 + xn)x
2
0x1x1
(x0 + l2x1x1)xn−1xn
,
yi = a(x)
xi−1xixi
xi−1xi−1 + xixi
=
(xn−1xn−1 + x
2
n)xi−1xixi
l2(xi−1xi−1 + xixi)xn−1x2n
(1 < i ≤ n− 1).
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It defines a rational mapping σ : V(A
(2)
2n )l −→ V2(A
(2)
2n )l (v1(x) 7→ v2(y)).
The inverse σ−1 : V2(A
(2)
2n )l −→ V(A
(2)
2n )l (v2(y) 7→ v1(x)) is given by
a(y) :=
y20y1
y20 + y1y1
(= a(x)),
x0 =
y0
a(y)
,
xi = a(y)
−1 yiyi + yi+1yi+1
yi+1
(1 ≤ i ≤ n− 2),
xn−1 = a(y)
−1 yn−1yn−1 + l
−2yn
yn
,
xn =
yn
l4a(y)2
,
xi = (l
2a(y))−1
yiyiyi+1
yiyi + yi+1yi+1
(1 ≤ i ≤ n− 2),
xn−1 =
yn−1yn−1yn
a(y)(l2yn−1yn−1 + yn)
,
which means that the morphism σ : V(A
(2)
2n )l −→ V2(A
(2)
2n )l is birational. Thus, we obtain Theorem 5.1(ii).
The actions of ei (0 ≤ i < n) on v2(y) are induced from the ones on Yi2(y)·l
H′ :=Yn(yn) · · ·Yn−1(yn−1)·
lH
′
(i2 = (n, . . . , 1, 0, 1, · · · , n − 1)) since eivn = 0 for i = 0, 1, . . . , n − 1. We also get γi(v2(y)) and
εi(v2(y)) from the ones for Yi2(y) · l
H′ where v2(y) = σ(v1(x)):
ec0 : y0 7→ cy0, yi 7→ yi, yi 7→ yi (i 6= 0),
ec1 : y1 7→ y1
cy1y1 + y
2
0
y1y1 + y
2
0
, y1 7→ y1
c(y1y1 + y
2
0)
cy1y1 + y
2
0
, yi 7→ yi, yi 7→ yi (i 6= 1),
eci : yi 7→ yi
cyiyi + yi−1yi−1
yiyi + yi−1yi−1
, yi 7→ yi
c(yiyi + yi−1yi−1)
cyiyi + yi−1yi−1
,
yj 7→ yj , yj 7→ yj (j 6= i), (i = 2, . . . , n− 1),
γ0(v2(y)) =
y20
y1y1
, γ1(v2(y)) =
(y1y1)
2
y20y2y2
,
γi(v2(y)) =
(yiyi)
2
yi−1yi−1yi+1yi+1
(i = 2, . . . , n− 2), γn−1(v2(y)) =
(yn−1yn−1)
2
yn−2yn−2yn
,
ε0(v2(y)) =
y1
y0
, ε1(v2(y)) =
y2
y1
(
1 +
y20
y1y1
)
, εn−1(v2(y)) =
yn
yn−1
(
1 +
yn−2yn−2
yn−1yn−1
)
,
εi(v2(y)) =
yi+1
yi
(
1 +
yi−1yi−1
yiyi
)
(i = 2 · · · , n− 1).
The explicit forms of εi(v1(x))and γi(v1(x)) (1 ≤ i ≤ n) are also induced from the ones for Yi1(x)·l
H :=
Y0(x0) · · ·Y1(x1) · lH and, we define ε0(v1(x)) := ε0(v2(y)) and γ0(v1(x)) := γ0(v2(y)) (v2(y) := σ(v1(x))):
ε0(v1(x)) =
1
x0
(
1 +
l2x1x1
x20
)2
, εi(v1(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(1 < i ≤ n− 2),
ε1(v1(x)) =
x20
x1
(
1 +
x2x2
x1x1
)
, εn−1(v1(x)) =
xn−2
xn−1
(
1 +
xn
xn−1xn−1
)
, εn(v1(x)) =
x2n−1
xn
.
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γ0(v1(x)) =
x20
l4x1x1
, γ1(v1(x)) =
(lx1x1)
2
x20x2x2
, γi(v1(x)) =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 2),
γn−1(v1(x)) =
(xn−1xn−1)
2
xn−2xn−2xn
, γn(v1(x)) =
x2n
(xn−1xn−1)2
For i = 0, we define ec0(v1(x)) = σ
−1 ◦ ec0 ◦ σ(v1(x)) = σ
−1 ◦ ec0(v2(y)). Then we get
ec0 : x0 7→ x0
c2x0 + l
2x1x¯1
c(x20 + l
2x1x¯1)
, xi 7→ xi
c2x0 + l
2x1x¯1
c2(x20 + l
2x1x¯1)
(1 ≤ i < n),
x¯i 7→ x¯i
c2x0 + l
2x1x¯1
c2(x20 + l
2x1x¯1)
(1 ≤ i ≤ n− 1), xn 7→ xn
(c2x0 + l
2x1x¯1)
2
c4(x20 + l
2x1x¯1)2
,
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
, xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i) (1 ≤ i < n− 1)
ecn−1 : xn−1 7→ xn−1
cxn−1xn−1 + xn
xn−1xn−1 + xn
, xn−1 7→ xn−1
c(xn−1xn−1 + xn)
cxn−1xn−1 + xn
,
xi 7→ xi, xi 7→ xi (i 6= n− 1),
ecn : xn 7→ cxn, xi 7→ xi, xi 7→ xi (i 6= n).
In order to prove Theorem 5.2, it suffices to show the following:
eci = σ
−1 ◦ eci ◦ σ, γi = γi ◦ σ, εi = εi ◦ σ (i 6= 0, n),(5.29)
ec10 e
c2
n = e
c2
n e
c1
0 ,(5.30)
γn(e
c
0(v1(x))) = γn(v1(x)), γ0(e
c
n(v1(x))) = γ0(v1(x)),(5.31)
ε0(e
c
0(v1(x))) = c
−1ε0(v1(x)),(5.32)
which are immediate from the above formulae. Let us show (5.29). Set v2(y) := σ(v1(x)) and v1(x
′) :=
σ−1(eci (v2(y))) for i = 2, . . . , n− 2. Then x
′
j = xj and x
′
j = xj for j 6= i− 1, i, and we have
a(v2(y)) = a(v1(x)),
x′i =
1
a(v2(y))
(
yi+1 +
cyiyi
yi+1
)
= xi
cxixi + xi+1xi+1
xixi + xi+1xi+1
,
x′i =
1
a(v2(y))
cyiyiyi+1
cyiyi + yi+1yi+1
= xi
c(xixi + xi+1xi+1)
cxixi + xi+1xi+1
,
x′i−1 =
1
a(v2(y))
(
yi +
cyi−1yi−1
yi
)
= xi−1,
x′i−1 =
1
a(v2(y))
cyi−1yi−1yi
cyiyi + yi−1yi−1
= xi−1,
where the formula yiyi = a(v1(x))xixi is useful to obtain these results. Therefore we have e
c
i = σ
−1◦eci ◦σ
for i = 2, . . . , n− 2. Others are obtained similarly.
5.9. A
(2) †
2n -case (n ≥ 2). As in the beginning of this section, we have w1 = s0s1 · · · snsn−1 · · · s2s1 and
V(A
(2) †
2n )l := {v1(x) = Y0(x0)Y1(x1) · · ·Yn(xn)Yn−1(x¯n−1) · · ·Y1(x¯1)l
Hv1
∣∣ xi, x¯i ∈ C×}.
By the explicit description of W (̟1)l as in 4.9, on W (̟1)l we have:
yi(c
−1) = exp(c−1fi) =
{
1 + c−1fi i 6= n,
1 + c−1fn +
1
2c2 f
2
n i = n.
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Then we have
v1(x) = l
m
{(
n∑
i=1
ξi(x)vi
)
+ xnv0 +
(
n∑
i=1
xi−1vi
)}
where ξi(x) :=

l−1x0+x1x1
x0
i = 1
xi−1xi−1+xixi
xi−1
i 6= 1, n
xn−1xn−1+x
2
n
xn−1
i = n,
and m := ̟1(H). Next, for w2 = snsn−1 · · · s1s0s1 · · · sn−1 and H ′ such that m = ̟n(H ′), we set
V2(A
(2) †
2n )l := {v2(y) = Yn(yn) · · ·Y1(y1)Y0(y0)Y1(y1) · · ·Yn−1(yn−1)l
H′vn
∣∣ yi, yi ∈ C×}.
Then we have
v2(y) = l
m
{(
n−1∑
i=1
yi
l
vi
)
+
y2n
l
vn +
yn
l
v0 +
(
n∑
i=1
ηi(y)vi
)}
where ηi(y) :=

y0+y1y1
y1
i = 1
yi−1yi−1+yiyi
yi
i 6= 1, n
yn−1yn−1+l
−1y2n
y2n
i = n.
For x ∈ (C×)2n there exist a unique y = (y0, . . . , y1) ∈ (C
×)2n and a(x) such that v2(y) = a(x)v1(x).
They are given by
a(x) =
xn−1xn−1 + x
2
n
lxn−1x2n
,
y0 = a(x)
2x0 =
x0(xn−1xn−1 + x
2
n)
2
(lxn−1x2n)
2
,
y1 = la(x)ξ1(x) =
(xn−1xn−1 + x
2
n)(l
−1x0 + x1x1)
x0xn−1x2n
,
yi = la(x)ξi(x) =
(xi−1xi−1 + xixi)(xn−1xn−1 + x
2
n)
xi−1xn−1x2n
(1 < i < n),
yn = la(x)xn =
xn−1xn−1 + x
2
n
xn−1xn
,
y1 = a(x)
x0x1x1
l−1x0 + x1x1
=
(xn−1xn−1 + x
2
n)x0x1x1
(x0 + lx1x1)xn−1x2n
,
yi = a(x)
xi−1xixi
xi−1xi−1 + xixi
=
(xn−1xn−1 + x
2
n)xi−1xixi
l(xi−1xi−1 + xixi)xn−1x2n
(1 < i ≤ n− 1).
It defines a rational mapping σ : V(A
(2) †
2n ) −→ V2(A
(2) †
2n ) (v1(x) 7→ v2(y)).
The inverse σ−1 : V2(A
(2) †
2n ) −→ V(A
(2) †
2n ) (v2(y) 7→ v1(x)) is given by
a(y) :=
y0y1
y0 + y1y1
(= a(x)),
x0 = a(y)
−1 y0 + y1y1
y1
,
xi = a(y)
−1 yiyi + yi+1yi+1
yi+1
(1 ≤ i ≤ n− 2),
xn−1 = a(y)
−1 yn−1yn−1 + l
−1y2n
y2n
,
xn =
yn
la(y)
,
xi = (la(y))
−1 yiyiyi+1
yiyi + yi+1yi+1
(1 ≤ i ≤ n− 2),
xn−1 = a(y)
−1 yn−1yn−1y
2
n
lyn−1yn−1 + y
2
n
,
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which means that the morphism σ : V(A
(2) †
2n ) −→ V2(A
(2) †
2n ) is birational. Thus, we obtain Theorem
5.1(ii).
The actions of ei (0 ≤ i < n) on v2(y) are induced from the ones on Yi2(y)·l
H′ :=Yn(yn) · · ·Yn−1(yn−1)·
lH
′
(i2 = (n, . . . , 1, 0, 1, · · · , n − 1)) since eivn = 0 for i = 0, 1, . . . , n − 1. We also get γi(v2(y)) and
εi(v2(y)) from the ones for Yi2(y) · l
H′ where v2(y) = σ(v1(x)):
ec0 : y0 7→ cy0, yi 7→ yi, yi 7→ yi (i 6= 0),
ec1 : y1 7→ y1
cy1y1 + y0
y1y1 + y0
, y1 7→ y1
c(y1y1 + y0)
cy1y1 + y0
, yi 7→ yi, yi 7→ yi (i 6= 1),
eci : yi 7→ yi
cyiyi + yi−1yi−1
yiyi + yi−1yi−1
, yi 7→ yi
c(yiyi + yi−1yi−1)
cyiyi + yi−1yi−1
,
yj 7→ yj , yj 7→ yj (j 6= i), (i = 2, . . . , n− 1),
γ0(v2(y)) =
y20
(y1y1)
2
, γ1(v2(y)) =
(y1y1)
2
y0y2y2
,
γi(v2(y)) =
(yiyi)
2
yi−1yi−1yi+1yi+1
(i = 2, . . . , n− 2), γn−1(v2(y)) =
(yn−1yn−1)
2
yn−2yn−2y
2
n
,
ε0(v2(y)) =
y21
y0
, ε1(v2(y)) =
y2
y1
(
1 +
y0
y1y1
)
, εn−1(v2(y)) =
y2n
yn−1
(
1 +
yn−2yn−2
yn−1yn−1
)
,
εi(v2(y)) =
yi+1
yi
(
1 +
yi−1yi−1
yiyi
)
(i = 2 · · · , n− 1).
The explicit forms of εi(v1(x))and γi(v1(x)) (1 ≤ i ≤ n) are also induced from the ones for Yi1(x) · l
H :=
Y0(x0) · · ·Y1(x1) · lH and, we define ε0(v1(x)) := ε0(v2(y)) and γ0(v1(x)) := γ0(v2(y)) (v2(y) := σ(v1(x))):
ε0(v1(x)) =
1
x0
(
1 +
lx1x1
x0
)2
, εi(v1(x)) =
xi−1
xi
(
1 +
xi+1xi+1
xixi
)
(1 ≤ i ≤ n− 2),
εn−1(v1(x)) =
xn−2
xn−1
(
1 +
x2n
xn−1xn−1
)
, εn(v1(x)) =
xn−1
xn
.
γ0(v1(x)) =
x20
(lx1x1)2
, γ1(v1(x)) =
(lx1x1)
2
x0x2x2
, γi(v1(x)) =
(xixi)
2
xi−1xi−1xi+1xi+1
(2 ≤ i ≤ n− 2),
γn−1(v1(x)) =
(xn−1xn−1)
2
xn−2xn−2x2n
, γn(v1(x)) =
x2n
xn−1xn−1
For i = 0, we define ec0(v1(x)) = σ
−1 ◦ ec0 ◦ σ(v1(x)) = σ
−1 ◦ ec0(v2(y)). Then we get
ec0 : x0 7→ x0
(cx0 + lx1x¯1)
2
c(x0 + lx1x¯1)2
, xi 7→ xi
cx0 + lx1x¯1
c(x0 + lx1x¯1)
(1 ≤ i ≤ n),
x¯i 7→ x¯i
cx0 + lx1x¯1
c(x0 + lx1x¯1)
(1 ≤ i ≤ n− 1),
eci : xi 7→ xi
cxixi + xi+1x¯i+1
xixi + xi+1xi+1
, xi 7→ xi
c(xixi + xi+1x¯i+1)
cxixi + xi+1xi+1
,
xj 7→ xj , xj 7→ xj (j 6= i), (1 ≤ i < n− 1),
ecn−1 : xn−1 7→ xn−1
cxn−1xn−1 + x
2
n
xn−1xn−1 + x2n
, xn−1 7→ xn−1
c(xn−1xn−1 + x
2
n)
cxn−1xn−1 + x2n
,
xi 7→ xi, xi 7→ xi (i 6= n− 1),
ecn : xn 7→ cxn, xi 7→ xi, xi 7→ xi (i 6= n).
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In order to prove Theorem 5.2, it suffices to show the following:
eci = σ
−1 ◦ eci ◦ σ, γi = γi ◦ σ, εi = εi ◦ σ (i 6= 0, n),(5.33)
ec10 e
c2
n = e
c2
n e
c1
0 ,(5.34)
γn(e
c
0(v1(x))) = γn(v1(x)), γ0(e
c
n(v1(x))) = γ0(v1(x)),(5.35)
ε0(e
c
0(v1(x))) = c
−1ε0(v1(x)),(5.36)
which are immediate from the above formulae. Let us show (5.33). Set v2(y) := σ(v1(x)) and v1(x
′) :=
σ−1(eci (v2(y))) for i = 2, . . . , n− 2. Then x
′
j = xj and x
′
j = xj for j 6= i− 1, i, and we have
a(v2(y)) = a(v1(x)),
x′i =
1
a(v2(y))
(
yi+1 +
cyiyi
yi+1
)
= xi
cxixi + xi+1xi+1
xixi + xi+1xi+1
,
x′i =
1
a(v2(y))
cyiyiyi+1
cyiyi + yi+1yi+1
= xi
c(xixi + xi+1xi+1)
cxixi + xi+1xi+1
,
x′i−1 =
1
a(v2(y))
(
yi +
cyi−1yi−1
yi
)
= xi−1,
x′i−1 =
1
a(v2(y))
cyi−1yi−1yi
cyiyi + yi−1yi−1
= xi−1,
where the formula yiyi = a(v1(x))xixi is useful to obtain these results. Therefore we have e
c
i = σ
−1◦eci ◦σ
for i = 2, . . . , n− 2. Others are obtained similarly.
5.10. Ultra-discretization of V(g)l. Let us investigate the ultra-discretization of V(g)l.
By the explicit forms of the geometric crystal V(g)l, if we assume that l is a positive real number, it is
clear that it has a natural positive structure θl : (C
×)m → V(g)l (x 7→ v(x)) where m = dimV(g)l. Then
we have the following theorem:
Theorem 5.4. For g = A
(1)
n , B
(1)
n , D
(1)
n , D
(2)
n+1, A
(2)
2n−1 and A
(2)
2n , suppose that l > 0. Then the ultra-
discretization UDθl(V(g)l) associated with the positive structure θl is isomorphic to the crystal B∞(g
L)
(4.11).
Proof. First we consider the case g 6= A
(2)
2n . Let V(g) be the affine geometric crystal in [KNO]. It
follows from its explicit form ([KNO]) that restricting l = 1, we have the isomorphism
(5.37) V(g)l|l=1
∼
−→V(g).
The resulting crystal of the ultra-discretization UDθl does not depend on l. This and (5.37) imply
UDθl(V(g)l)
∼= UDθ(V(g))
as crystals. We show in [KNO] that UDθ(V(g)) ∼= B∞(g
L). Thus, we have UDθl(V(g)l)
∼= B∞(g
L).
As for the case g = A
(2)
2n , we consider as follows: For the geometric crystal V(A
(2)
2n
†
)l, we define ei:=en−i,
γi := γn−i and εi := εn−i and set xi 7→ yn−i (i = 0, · · · , n) and xi 7→ yn−i (i = 1 · · · , n− 1). We denote
by V l the A
(2)
2n -geometric crystal thus obtained. The explicit form of V l is e.g., e
c
0 : y0 7→ cy0, ε0(y) =
y1
y0
and γ0(y) =
y2n
y1y1
, etc. By using the birational map σ for A
(2)
2n as in 5.8, we obtain the isomorphism of
A
(2)
2n -geometric crystal
σ : V(A
(2)
2n )l
∼
−→V l2 .
Here V l is isomorphic to V(A
(2)
2n
†
)l as an A
(2)
2n
†
-geometric crystal. Due to the results in [KNO] and the
fact V(A
(2)
2n
†
)l|l=1 = V(A
(2)
2n
†
), we have
UDθl2 (V l2)
∼= UDθl2 (V(A
(2)
2n
†
)l2) = UDθ(V(A
(2)
2n
†
)) ∼= B∞(A
(2)
2n ).
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Let us denote by Bl the perfect crystal Bl(A
(2)
2n ) considered as an A
(2)
2n
†
- perfect crystal. Then the crystal
B∞(A
(2)
2n ) can be regarded as the limit of perfect A
(2)
2n
†
-crystals {Bl}.
6. Folding of D
(1)
n -Geometric Crystal
6.1. D
(1)
n - geometric crystal BL(D
(1)
n ). We review the geometric crystal BL(D
(1)
n ) (n ≥ 4) in [KOTY].
Taking L ∈ C×, define the geometric crystal BL(D
(1)
n ) := (BL(D
(1)
n ), {ei}, {γi}, {εi}) as follows:
BL(D
(1)
n ) := {l = (l1, . . . , ln, ln−1, . . . , l1) ∈ (C
×)2n−1 | l1 · · · lnln−1 · · · l1 = L},
ε0(l) = l1
(
l2
l2
+ 1
)
, εn−1(l) = lnln−1, εn(l) = ln−1, εi(l) = li
(
li+1
li+1
+ 1
)
,
γ0(l) =
l1l2
l1l2
, γn−1(l) =
ln−1
lnln−1
, γn(l) =
ln−1ln
ln−1
, γi(l) =
lili+1
lili+1
,
ec0(l) = (
l1
ξ2
,
ξ2l2
c
, . . . , ξ2l2,
cl1
ξ2
), ecn−1(l) = (··, cln−1,
ln
c
, ··), ecn(l) = (··, cln,
ln−1
c
, ··),
eci(l) = (· · · ,
cli
ξi+1
,
ξi+1li+1
c
, · · · , ξi+1li+1,
li
ξi+1
, . . .), (ξi :=
cli + li
li + li
) (i = 1, · · · , n− 2).
This is isomorphic to the geometric crystal V(D
(1)
n )L.
Proposition 6.1. We have the following isomorphism of D
(1)
n -geometric crystals:
(6.1) BL(D
(1)
n )
∼
−→V(D(1)n )L.
Proof. Define Ξ : BL(D
(1)
n )→ V(D
(1)
n )L (l 7→ x) to be
xi :=
1
l1l2 · · · li
, xi :=
l1 · · · li
L
(i = 1 . . . , n− 2), xn−1 :=
1
l1l2 · · · ln−1ln
, xn :=
1
l1l2 · · · ln−1
.
The inverse Ξ−1 is given by
l1 = Lx1, l1 =
1
x1
, li =
xi
xi−1
, li =
xi−1
xi
(i = 2, . . . , n− 2), ln−1 =
xn−1
xn−2
, ln =
xn
xn−1
, ln−1 =
xn−2
xn
.
Then it is easy to see that it commutes with the action of ei and preserves γi and εi. For example, for
x = Ξ(l), we have
ξ2 =
cl2 + l2
l2 + l2
=
cx1
x2
+ x2
x1
x1
x2
+ x2
x1
=
cx1x1 + x2x2
x1x1 + x2x2
=: Γ1
Then we obtain
Ξ(ec0(l)) = Ξ(
l1
ξ2
,
ξ2l2
c
, . . . , ξ2l2,
cl1
ξ2
) = (
cx1
Γ1
,
x2
c
, . . . ,
x2
c
,Γ1x1) = e
c
0Ξ(l),
ε0(Ξ(l)) = ε0(x) = L
x1x1 + x2x2
x1
= L
l1
Ll1
+ l1l2
Ll1l2
1
l1
= l1
(
l2
l2
+ 1
)
= ε0(l).
Other cases are shown similarly.
6.2. Folding. We introduce certain involutions on BL(D
(1)
n ) corresponding to the Dynkin diagram au-
tomorphisms for D
(1)
n . Let us consider the following Dynkin diagram automorphisms for D
(1)
N :
N = n+ 1 σ
(n)
0 : α0 ↔ α1, αi 7→ αi (i 6= 0, 1),
N = n+ 1 σ
(n)
1 : αn ↔ αn+1, αi 7→ αi (i 6= n, n+ 1),
N = 2n σ
(n)
2 : αi ↔ α2n−i (i = 0, 1, . . . , 2n).
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For each involution σ
(n)
j on D
(1)
N (j = 0, 1, 2), we define the involution Σ
(n)
j on BL(D
(1)
N ) (j = 0, 1, 2) as a
unique solution l′ of the equations for a given l:
(6.2) γ
σ
(n)
j (i)
(l′) = γi(l), εσ(n)j (i)
(l′) = εi(l) (i = 0, 1, . . . , N).
Then we get: (l′ := Σ
(n)
j (l))
Σ
(n)
0 : BL(D
(1)
n+1) −→ BL(D
(1)
n+1),
l′1 = l1, l
′
1 = l1, l
′
i = li, l
′
i = li (i 6= 1).
Σ
(n)
1 : BL(D
(1)
n+1) −→ BL(D
(1)
n+1),
l′n = lnln+1, l
′
n+1 =
1
ln+1
, l
′
n = ln+1ln, l
′
i = li, l
′
i = li (i 6=, n, n+ 1).
Σ
(n)
2 : BL(D
(1)
2n ) −→ BL(D
(1)
2n )
l′1 =
l2n−1l2n−1
l2n−1 + l2n−1
, l
′
1 =
l2nl2n−1l2n−1
l2n−1 + l2n−1
, l′2n =
l1
l1
,
l′2n−1 =
l1l2
l2
(
l2
l2
+ 1
)
, l
′
2n−1 = l1
(
l2
l2
+ 1
)
,
l′2n−i =
lili
li+1
(
li+1 + li+1
li + li
)
, l
′
2n−i =
lili
li+1
(
li+1 + li+1
li + li
)
(2 ≤ i ≤ 2n− 2).
Lemma 6.2. Let (X, {ei}i=1,2,3, {γi}i=1,2,3, {εi}i=1,2,3) be a A3-geometric crystal (aij = −1 if |i−j| = 1.)
and set Ec1 := e
c
1 ◦ e
c
3(= e
c
3 ◦ e
c
1). Then we have
Ec1e
c2d
2 E
cd
1 e
d
2 = e
d
2E
cd
1 e
c2d
2 E
c
1 (c, d ∈ C
×), γ2(E
c
1(x)) = c
−2γ2(x).
Proof. The second equation is easily obtained:
γ2(E
c
1(x)) = γ2(e
c
1 ◦ e
c
3(x)) = c
−1γ2(e
c
3(x)) = c
−2γ2(x) (x ∈ X)
The first one is derived as follows:
Ec1e
c2d
2 E
cd
1 e
d
2 = (e
c
1e
c
3)e
c2d
2 (e
cd
3 e
cd
1 )e
d
2 = e
c
1e
cd
2 e
c2d
3 e
c
2e
cd
1 e
d
2 = e
c
1e
cd
2 e
c2d
3 e
d
1e
cd
2 e
c
1
= ec1e
cd
2 e
d
1e
c2d
3 e
cd
2 e
c
1 = e
d
2e
cd
1 e
c
2e
c2d
3 e
cd
2 e
c
1 = e
d
2(e
cd
1 e
cd
3 )e
c2d
2 (e
c
3e
c
1) = e
d
2E
cd
1 e
c2d
2 E
c
1.
6.3. Fixed-point variety-B
(1)
n . As for the involution Σ
(n)
1 we consider the fixed-point variety X
(n,L)
1 ⊂
BL(D
(1)
n+1):
X
(n,L)
1 := {l = (l1, . . . , ln+1, ln, . . . , l1)|Σ
(n)
1 (l) = l(⇔ ln+1 = 1)}.
Proposition 6.3. Let BL(D
(1)
n+1) = (BL, {ei}, {γi}, {εi}) be the D
(1)
n+1-geometric crystal as above. Then
we have a B
(1)
n -geometric crystal structure on X
(n,L)
1 as follows:
(e
(B(1)n )
i )
c :=
{
eci for i 6= n,
ecn ◦ e
c
n+1 for i = n,
, γ
(B(1)n )
i := γi, ε
(B(1)n )
i := εi (i = 0, . . . , n).
Proof. It suffices to check the conditions for a geometric crystal. But, most ones are trivial ex-
cept the cases related to i = n. Namely, we have to see the Verma relation between en−1 and en,
γ
(B(1)n )
i ((e
B(1)n
n )c(x)), γ
(B(1)n )
n ((e
B(1)n
i )
c(x)) and ε
(B(1)n )
n ((e
B(1)n
n )c(x)), which are immediate from Lemma 6.2.
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Moreover, the geometric crystal X
(n,L)
1 induces another B
(1)
n - geometric crystal BL(B
(1)
n ):
BL(B
(1)
n ) := {m = (m1, . . . ,mn,mn, . . . ,m1)(C
×)2n |m1 · · ·mnmn · · ·m1 = L},
ε0(m) = m1
(
m2
m2
+ 1
)
, εn(m) = mn, εi(m) = mi
(
mi+1
mi+1
+ 1
)
(i = 1, . . . , n− 1),
γ0(m) =
m1m2
m1m2
, γn(m) =
mn
mn
, γi(m) =
mimi+1
mimi+1
(i = 1, . . . , n− 1),
ec0(m) = (
m1
ξ2
,
ξ2m2
c
, . . . , ξ2m2,
cm1
ξ2
), ecn(m) = (··, cmn,
mn
c
, ··),
eci(m) = (· · · ,
cmi
ξi+1
,
ξi+1mi+1
c
, · · · , ξi+1mi+1,
mi
ξi+1
, . . .) (i = 1, . . . , n− 1) (ξi :=
cmi +mi
mi +mi
).
Let η : BL(B
(1)
n ) −→ X
(n,L)
1 (m 7→ l) be the morphism defined by
li = mi, li = mi (i = 1, · · · , n),
where (l1, . . . , ln, 1, ln, . . . , l1) ∈ X
(n,L)
1 and m = (m1, . . . ,mn,mn,m1) ∈ BL(B
(1)
n ). It is trivial that η
commutes with the actions ei and preserves γi and εi. And then η is an isomorphism of B
(1)
n -geometric
crystals.
Proposition 6.4. We have the following isomorphisms of B
(1)
n -geometric crystals:
(6.3) V(B(1)n )L
∼
←−BL(B
(1)
n )
∼
−→X
(n,L)
1 .
Proof. The second isomorphism in (6.3) is given by η. Then let us see the first one. Define
Ξ: BL(B
(1)
n )→ V(B
(1)
n )L (m 7→ x) to be
xi :=
1
m1m2 · · ·mi
(i = 1, . . . , n), xi =
m1 · · ·mi
L
(i = 1, . . . , n− 1),
and the inverse is
m1 = Lx1, mi =
xi
xi−1
(2 ≤ i ≤ n− 1), mn =
xn
xn−1
, m1 =
1
x1
, mi =
xi−1
xi
(2 ≤ i ≤ n).
Then, by a direct calculation, we can check that Ξ commutes with any eci and preserves γi and εi. Thus,
Ξ is an isomorphism of B
(1)
n -geometric crystals.
6.4. Fixed-point variety-D
(2)
n+1. As for the involution Σ
(n)
3 := Σ
(n+1)
0 ◦ Σ
(n+1)
1 (= Σ
(n+1)
1 ◦ Σ
(n+1)
0 ) on
BL(D
(1)
n+2), we consider the fixed-point variety X
(n,L)
3 ⊂ BL(D
(1)
n+2):
X
(n,L)
3 := {l = (l1, . . . , ln+2, ln+1, . . . , l1)|Σ
(n,L)
3 (l) = l(⇔ ln+2 = 1, l1 = l1)}.
Proposition 6.5. Let BL(D
(1)
n+2) = (BL, {ei}, {γi}, {εi}) be the D
(1)
n+2-geometric crystal as above. Then
we have a D
(2)
n+1-geometric crystal structure on X
(n,L)
3 as follows:
(e
(D
(2)
n+1)
i )
c :=

eci+1 for i 6= 0, n,
ec0 ◦ e
c
1 for i = 0,
ecn+1 ◦ e
c
n+2 for i = n,
, γ
(D
(2)
n+1)
i := γi+1, ε
(D
(2)
n+1)
i := εi+1 (i = 0, . . . , n).
Proof. We can prove it by the similar argument for X
(n,L)
1 using Lemma 6.2.
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The geometric crystal X
(n,L)
3 induces another D
(2)
n+1- geometric crystal BL(D
(2)
n+1):
BL(D
(2)
n+1) := {m = (m0,m1, . . . ,mn,mn, . . . ,m1)(C
×)2n |m20m1 · · ·mnmn · · ·m1 = L},
ε0(m) = m0
(
m1
m1
+ 1
)
, εn(m) = mn, εi(m) = mi
(
mi+1
mi+1
+ 1
)
(i = 1, . . . , n− 1),
γ0(m) =
m1
m1
, γn−1(m) =
mn−1
mnmn−1
, γn(m) =
mn
mn
, γi(m) =
mimi+1
mimi+1
(i = 1, . . . , n− 2),
ec0(m) = (
cm0
ξ1
,
ξ1m1
c2
, . . . , ξ1m1) (ξ1(m) :=
m1 +m1
c2m1 +m1
), ecn(m) = (··, cmn,
mn
c
, ··),
eci(m) = (· · · ,
cmi
ξi+1
,
ξi+1mi+1
c
, · · · , ξi+1mi+1,
mi
ξi+1
, . . .) (i = 1, . . . , n− 1) (ξi :=
cmi +mi
mi +mi
).
Let η : BL(D
(2)
n+1) −→ X
(n,L)
3 (m 7→ l) be the morphism defined by
li+1 = mi (i = 0, 1, · · · , n), li+1 = mi (i = 1, · · · , n),
where (l1, . . . , ln+1, 1, ln+1, · · · , l2, l1) ∈ X
(n,L)
3 and m = (m0,m1, . . . ,mn,mn,m1) ∈ BL(D
(2)
n+1). Then, η
is an isomorphism of D
(2)
n+1- geometric crystal.
Proposition 6.6. We have the following isomorphisms of D
(2)
n+1-geometric crystals:
(6.4) V(D
(2)
n+1)L
∼
←−BL2(D
(2)
n+1)
∼
−→X
(n,L2)
3 .
Proof. The second isomorphism in (6.4) is given by η. Then let us see the first one. Define
Ξ: BL2(D
(2)
n+1)→ V(D
(2)
n+1)L (m 7→ x) to be
x0 :=
1
m0
, xi :=
1
m20m1m2 · · ·mi
(i = 1, . . . , n), xi =
m1 · · ·mi
L2
(i = 1, . . . , n− 1).
and the inverse is
m0 =
1
x0
, m1 = L
2x1, mi =
xi
xi−1
(2 ≤ i ≤ n− 1), mn =
xn
xn−1
, m1 =
x20
x1
, mi =
xi−1
xi
(2 ≤ i ≤ n).
Then, calculating directly, we can check that Ξ is an isomorphism of geometric crystals.
6.5. Fixed-point variety-A
(2)
2n−1. As for the involution Σ
(n)
2 we consider the fixed-point varietyX
(n,L)
2 ⊂
BL(D
(1)
2n ):
X
(n,L)
2 := {l = (l1, . . . , l2n, l2n−1, · · · , l1)|Σ
(n)
2 (l) = l},
where the condition Σ
(n)
2 (l) = l is equivalent to
(6.5)
l1 =
l2n−1l2n−1
l2n−1+l2n−1
, l1 =
l2nl2n−1l2n−1
l2n−1+l2n−1
, l2n−1 =
l1l2
l2
(
l2
l2
+ 1
)
, l2n−1 = l1
(
l2
l2
+ 1
)
,
l2n−i =
lili
li+1
li+1+li+1
li+li
, l2n−i =
lili
li+1
li+1+li+1
li+li
(i = 2, . . . , 2n− 2), l2n =
l1
l1
.
Note that all the equations in (6.5) are not necessarily independent. Indeed, we only need 2n-equations:
l1 = · · · , ln = · · · and l1 = · · · , ln = · · · in (6.5).
Proposition 6.7. Let BL(D
(1)
2n ) = (BL, {ei}, {γi}, {εi}) be the D
(1)
2n -geometric crystal as above. Then we
have a A
(2)
2n−1-geometric crystal structure on X
(n,L)
2 as follows:
(e
(A
(2)
2n−1)
i )
c :=
{
eci ◦ e
c
2n−i for 0 ≤ i ≤ n− 1,
ecn for i = n,
γ
(A
(2)
2n−1)
i := γi(= γ2n−i),
ε
(A
(2)
2n−1)
i := εi(= ε2n−i) (i = 0, . . . , n).
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The proof is similar to the previous cases.
The geometric crystal X
(n,L)
2 induces another A
(2)
2n−1- geometric crystal BL(A
(2)
2n−1):
BL(A
(2)
2n−1) := {m = (m1, . . . ,mn,mn, . . . ,m1) ∈ (C
×)2n |mnmn(m1 · · ·mn−1mn−1 · · ·m1)
2 = L2}.
For m ∈ BL(A
(2)
2n−1) set
M(m) :=
L
m1 · · ·mn−1mn · · ·m1
, M(m) :=
L
m1 · · ·mnmn−1 · · ·m1
(=
1
M(m)
).
ε0(m) = m1
(
m2
m2
+ 1
)
, εn−1(m) = mn−1(M(m) + 1), εn(m) = mn, εi(m) = mi
(
mi+1
mi+1
+ 1
)
,
γ0(m) =
m1m2
m1m2
, γn−1(m) =
mn−1
mn−1
M(m), γn(m) =
mn
mn
, γi(m) =
mimi+1
mimi+1
(1 ≤ i ≤ n− 2),
ec0(m) = (
m1
ξ1
,
ξ1m2
c
, . . . , ξ1m2,
cm1
ξ1
), ecn(m) = (··, cmn,
mn
c
, ··),
ecn−1(m) = (· · · ,mn−1
c
ξn−1
,mn
ξ2n−1
c2
,mnξ
2
n−1,
mn−1
ξn−1
, . . .),
eci (m) = (· · · ,
cmi
ξi
,
ξimi+1
c
, · · · , ξimi+1,
mi
ξi
, . . .) (i = 1, . . . , n− 1),
where
ξi :=
{
cmi+1+mi+1
mi+1+mi+1
for i 6= n− 1
c+M(m)
1+M(m) for i = n− 1.
Let η : BL(A
(2)
2n−1) −→ X
(n,L2)
2 (m 7→ l) be the morphism defined by
li = mi, li = mi (i = 1, . . . , n− 1), ln =
mn
1 +M(m)
, ln =
mn
1 +M(m)
,
where li, li (i = n+1, . . . , 2n) are uniquely determined by (6.5) and then, η is an isomorphism of A
(2)
2n−1-
geometric crystal.
Proposition 6.8. We have the following isomorphisms of A
(2)
2n−1-geometric crystals:
(6.6) V(A
(2)
2n−1)L
∼
←−BL(A
(2)
2n−1)
∼
−→X
(n,L2)
2 .
Proof. The second isomorphism in (6.6) is given by η. Then let us see the first one. Define
Ξ: BL(A
(2)
2n−1)→ V(A
(2)
2n−1)L (m 7→ x) to be
xi :=
1
m1m2 · · ·mi
, xi =
m1 · · ·mi
L2
(i = 1, . . . , n− 1), xn =
1
mn(m1 · · ·mn−1)2
,
and then the inverse is
m1 = L
2x1, m1 =
1
x1
, mi =
xi
xi−1
, mi =
xi−1
xi
(2 ≤ i ≤ n− 1), mn =
xn
L2x2n−1
, mn =
x2n−1
xn
.
Then, by direct calculations, we can check that Ξ is an isomorphism of geometric crystals.
6.6. Fixed-point variety-A
(2)
2n . As for the involution Σ
(n)
4 :=Σ
(n+1)
2 Σ
(2n+1)
1 Σ
(2n+1)
0 we consider a fixed-
point variety X
(n,L)
4 ⊂ BL(D
(1)
2n+2):
X
(n,L)
4 := {l = (l1, . . . , l2n+2, l2n+1, · · · , l1)|Σ
(n)
4 (l) = l},
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where the condition Σ
(n)
4 (l) = l is equivalent to
(6.7)
l1 = l1 =
l2n+1l2n+1
l2n+1+l2n+1
, l2n+1 =
l1l2
l2
(
l2
l2
+ 1
)
, l2n+1 = l1
(
l2
l2
+ 1
)
, l2n+2 = 1,
l2n+2−i =
lili
li+1
li+1+li+1
li+li
, l2n+2−i =
lili
li+1
li+1+li+1
li+li
(i = 2, . . . , 2n).
Note that all the equations in (6.7) are not necessarily independent. Indeed, we only need 2n-equations:
l1 = · · · , ln = · · · and l1 = · · · , ln = · · · in (6.7).
Proposition 6.9. Let BL(D
(1)
2n+2) = (BL, {ei}, {γi}, {εi}) be the D
(1)
2n+2-geometric crystal as above. Then
we have a A
(2)
2n -geometric crystal structure on X
(n,L)
4 as follows:
(e
(A
(2)
2n )
i )
c :=

ec0 ◦ e
c
1 ◦ e
c
2n+1 ◦ e
c
2n+2 for i = 0,
eci+1 ◦ e
c
2n−i+1 for 1 ≤ i ≤ n− 1,
ecn+1 for i = n,
γ
(A
(2)
2n )
i :=
{
γ0(= γ1 = γ2n+1 = γ2n+2) for i = 0,
γi+1(= γ2n−i+1) for i 6= 0,
ε
(A
(2)
2n )
i :=
{
ε0(= ε1 = ε2n+1 = ε2n+2) for i = 0,
εi+1(= ε2n−i+1) for i 6= 0.
We can prove it by a similar argument to the ones for the previous cases.
The geometric crystal X
(n,L)
4 induces another A
(2)
2n - geometric crystal BL(A
(2)
2n ):
BL(A
(2)
2n ) := {m = (m0,m1, . . . ,mn,mn, . . . ,m1) ∈ (C
×)2n |mnmn(m
2
0m1 · · ·mn−1mn−1 · · ·m1)
2 = L2}.
For m ∈ BL(A
(2)
2n ) set
M(m) :=
L
m20m1 · · ·mn−1mn · · ·m1
, M(m) :=
L
m20m1 · · ·mnmn−1 · · ·m1
(=
1
M(m)
).
ε0(m) = m0
(
m1
m1
+ 1
)
, εn−1(m) = mn−1(M(m) + 1), εn(m) = mn, εi(m) = mi
(
mi+1
mi+1
+ 1
)
,
γ0(m) =
m1
m1
, γn−1(m) =
mn−1
mn−1
M(m), γn(m) =
mn
mn
, γi(m) =
mimi+1
mimi+1
(1 ≤ i ≤ n− 2),
ec0(m) = (
m0
ξ0
,
ξ0m1
c
,m2, . . . ,m2,
cm1
ξ0
), ecn(m) = (··, cmn,
mn
c
, ··),
ecn−1(m) = (· · · ,mn−1
c
ξn−1
,mn
ξ2n−1
c2
,mnξ
2
n−1,
mn−1
ξn−1
, . . .),
eci (m) = (· · · ,
cmi
ξi
,
ξimi+1
c
, · · · , ξimi+1,
mi
ξi
, . . .) (1 ≤ i ≤ n− 2),
where
ξi :=

c2m1+m1
m1+m1
for i = 0,
cmi+1+mi+1
mi+1+mi+1
for i 6= 0, n− 1
c+M(m)
1+M(m) for i = n− 1.
Let η : BL(A
(2)
2n ) −→ X
(n,L2)
4 (m 7→ l) be the morphism defined by
l1 = l1 = m0, li = mi−1, li = mi−1(i = 2, . . . , n), ln+1 =
mn
1 +M(m)
, ln+1 =
mn
1 +M(m)
,
where li, li (i = n + 2, . . . , 2n + 2) are uniquely determined by (6.7) and then, η is an isomorphism of
A
(2)
2n - geometric crystal.
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Proposition 6.10. We have the following isomorphisms of A
(2)
2n -geometric crystals:
(6.8) V(A
(2)
2n )L
∼
←−BL(A
(2)
2n )
∼
−→X
(n,L2)
4 .
Proof. The second isomorphism in (6.8) is given by η. Then let us see the first one. Define
Ξ: BL(A
(2)
2n )→ V(A
(2)
2n−1)L (m 7→ x) to be
x0 =
1
m0
, xi :=
1
m20m1m2 · · ·mi
, xi =
m1 · · ·mi
L2
(i = 1, . . . , n− 1), xn =
1
mn(m20m1 · · ·mn−1)
2
,
and the inverse Ξ−1 is
m0 =
1
x0
, m1 = L
2x1, m1 =
x20
x1
, mi =
xi
xi−1
, mi =
xi−1
xi
(2 ≤ i ≤ n− 1), mn =
xn
x2n−1
, mn =
x2n−1
xn
.
Then, by direct calculations, we can check that Ξ is an isomorphism of geometric crystals.
7. Product Structure on Affine Geometric Crystals
In general, if X1 and X2 are geometric crystals induced from unipotent crystals, the product X1 × X2
possesses a geometric crystal structure ([BK],[N1]). More precisely, let X1 = (X, {ei}, {γi}, {εi}) and
X2 = (Y, {ei}, {γi}, {εi}) be geometric crystals. For x ∈ X and y ∈ Y set
γi(x, y) := γi(x)γi(y),(7.1)
εi(x, y) := εi(x) +
εi(x)εi(y)
ϕi(x)
(ϕi(x) = γ(x)εi(x)),(7.2)
eci (x, y) := (e
c1
i (x), e
c2
i (y)) where c1 :=
cϕi(x) + εi(y)
ϕi(x) + εi(y)
, c2 :=
c
c1
.(7.3)
Theorem 7.1 ([BK, N1]). Suppose that the geometric crystals X1 and X2 are induced from unipotent
crystals. Then, (7.1)–(7.3) endow the product X × Y with a structure of a geometric crystal. Moreover,
if X1 and X2 are positive, then X1 × X2 is positive and we have the isomorphism of crystals:
(7.4) UD(X1 × X2) ∼= UD(X1)⊗ UD(X2).
As for the affine geometric crystal V(g)l in Sect. 5, its data ei, γi, εi (i ∈ I \ {0}) are obtained from
the ones of the geometric crystal B−
i
· lH as in 2.3 which is induced from the unipotent crystal on some
Xw × lH where i is a reduced word for w and Xw is the Schubert cell associated with w ∈ W . Thus, by
Theorem 7.1 we have a g0- geometric crystal structure on V(g)L1 × · · · × V(g)Lk .
Theorem 7.2. For any k ∈ Z≥0 and L1, · · · , Lk ∈ C×, the product V(g)L1 × · · · × V(g)Lk possesses an
affine geometric crystal structure.
Proof. By the argument above and Theorem 7.1, it is enough to check the conditions in Definition 2.1
related to i = 0. First, let us check γj(e
c
i (x1, · · · , xk)) = c
aijγj(x1, · · · , xk) for (i, j) = (i, 0), (0, i). For
xj ∈ V(g)Lj and i ∈ I, we have
γ0(e
c
i (x1, · · · , xk)) = γ0(e
c1
i (x1)) · · · γ0(e
ck
i (xk)) = c
ai0
1 γ0(x1) · · · c
ai0
k γ0(xk) = c
ai0γ0(x1, · · · , xk),
γi(e
c
0(x1, · · · , xk)) = γi(e
c1
0 (x1)) · · · γi(e
ck
0 (xk)) = c
a0i
1 γi(x1) · · · c
a0i
k γi(xk) = c
a0iγi(x1, · · · , xk),
where c1, · · · , ck are obtained by using (7.3) repeatedly.
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Next, let us check the relation ε0(e
c
0(x1, · · · , xk)) = c
−1ε0(x1, · · · , xk) by the induction on k. Assume
ε0(e
c
0(x
′)) = c−1ε0((x
′)) and ϕ0(e
c
0(x
′)) = cϕ0((x
′)) where x′ = (x1, · · · , xk−1).
ε0(e
c
0(x1, · · · , xk)) = ε0(e
c1
0 (x
′), ec20 (xk)) = ε0(e
c1
0 (x
′)) +
ε0(e
c1
0 (x
′))ε0(e
c2
0 (xk))
ϕ0(e
c1
0 (x
′))
= c−11 ε0(x
′) +
ε0(x
′)ε0(xk)
cc1ϕ0(x′)
= c−11
(
ε0(x
′) +
ε0(x
′)ε0(xk)
cϕ0(x′)
)
=
ϕ0(x
′) + ε0(xk)
cϕ0(x′) + ε0(xk)
·
cϕ0(x
′) + ε0(xk)
cϕ0(x′)
· ε0(x
′) = c−1
(
ε0(x
′) +
ε0(x
′)ε0(xk)
ϕ0(x′)
)
= c−1ε0(x1, · · · , xk).
Finally, let us check the Verma relations: we need to see the following cases
(i) The case g = A
(1)
n
{
ea0e
ab
i e
b
0 = e
b
ie
ab
0 e
a
i if i = 1, n
ec0e
d
i = e
d
i e
c
0 if i 6= 1, n.
(ii) The case g = B
(1)
n , D
(1)
n , A
(2)
2n−1.
{
ea0e
ab
i e
b
0 = e
b
ie
ab
0 e
a
i if i = 2
ec0e
d
i = e
d
i e
c
0 if i 6= 2.
(iii) The case g = D
(2)
n+1, A
(2)
2n .
{
ea0e
a2b
i e
ab
0 e
b
i = e
b
ie
ab
0 e
a2b
i e
a
0 if i = 1
ec0e
d
i = e
d
i e
c
0 if i 6= 1.
By the result in [KOTY], we have the product structure on {Bl(A
(1)
n )} and {Bl(D
(1)
N )}. Since V(A
(1)
n )l ∼=
Bl(A
(1)
n ) and V(D
(1)
n )l ∼= Bl(D
(1)
n ), we also have the product structure on {V(A
(1)
n )l} and {V(D
(1)
n )l}.
Hence, we have the Verma relations on their product. Thus, we obtain the case (i) and (ii) g = D
(1)
n .
For the case σ(i) 6= 0, it is easy to check the relation. Indeed, e.g., for the case (iii) i = 1, we have:
ea0e
a2b
1 e
ab
0 e
b
1 = (σ
−1eanσ)(σ
−1ea
2b
n−1σ)(σ
−1eabn σ)(σ
−1ebn−1σ) = σ
−1(eane
a2b
n−1e
ab
n e
b
n−1)σ
= σ−1(ebn−1e
ab
n e
a2b
n−1e
a
n)σ = e
b
1e
ab
0 e
a2b
1 e
a
0 .
Similarly, the other cases with σ(i) 6= 0 can be shown.
To complete (ii) and (iii), it suffices to check the cases σ(i) = 0 : i.e., (ii) i = 1, (iii) i = n.
In the previous section we see that for g 6= A
(1)
n the geometric crystal V(g)l is obtained from the geometric
crystal B(D
(1)
N )l′ (l
′ = l or l2) by the method of foldings. Thus, in the case (ii) we have (eg0)
c = (e
D
(1)
N
0 )
c
and (eg1)
c = (e
D
(1)
N
1 )
c for g = B
(1)
n , A
(2)
2n−1. Since (e
D
(1)
N
0 )
c(e
D
(1)
N
1 )
d = (e
D
(1)
N
1 )
d(e
D
(1)
N
0 )
c, we have (eg0)
c(eg1)
d =
(eg1)
d(eg0)
c and then we completed (ii). In the case (iii), we have (eg0)
c = (e
D
(1)
N
0 )
c and
(egn)
c =
(e
D
(1)
n+2
n+1 )
c ◦ (e
D
(1)
n+2
n+2 )
c g = D
(2)
n+1,
(e
D
(1)
2n+2
n+1 )
c g = A
(2)
2n .
Then (eg0)
c(egn)
d = (egn)
d(eg0)
c, which completes (iii).
By Theorem 5.4, Theorem 7.1 and Theorem 7.2, we obtain
Corollary 7.3. For positive real numbers Lj (j = 1, · · · , k), let θLj : T
′ → V(g)Lj be the positive
structure as in the previous section. Then
Θ := (θL1 , · · · , θLk) : T
′×k → V(g)L1 × · · · × V(g)Lk
defines a positive structure on V(g)L1 × · · · × V(g)Lk and we have the isomorphism of geometric crystals:
(7.5) UDΘ(V(g)L1 × · · · × V(g)Lk)
∼= B∞(g
L)⊗k.
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8. M-matrices and Automorphisms
8.1. Definition of M-matrices. An M-matrix is an important object to realize tropical R map from
geometric crystals, though its exact definition is not yet fixed. In this paper, we take the following as a
temporary definition of M-matrices.
Definition 8.1. Let g be an affine Lie algebra and BL ⊂ (C×)k be a certain g-geometric crystal depending
on L ∈ C×. For x ∈ BL and an indeterminate z, a square matrix ML(x, z) with entries in C(x, z) is an
M-matrix if
(i) For x ∈ BL, i ∈ I and c ∈ C×, there exist non-singular matrices Xi(x, c, z) and Yi(x, c, z) whose
entries are in C(x, c, z) and satisfying
ML(e
c
i (x), z) = Xi(x, c, z)ML(x, z)Yi(x, c, z).
(ii) For a given (x, y) ∈ BL × BK and L,K ∈ C
×, the solution (x′, y′) ∈ BK × BL of the equation
ML(x, z)MK(y, z) =MK(x
′, z)ML(y
′, z),
uniquely exists for any z and the correspondence (x, y) 7→ (x′, y′) defines a birational map
R : BL × BK → BK × BM .
(iii) Let xj , yj be in BLj (j = 1, 2, . . . ,m). Suppose Li 6= Lj (i 6= j) and
ML1(x1, z) · · ·MLm(xm, z) =ML1(y1, z) · · ·MLm(ym, z).
Then xj = yj (j = 1, . . . ,m).
Example 8.2 ([KOTY]). A
(1)
n -case:
Let BL(A
(1)
n ) be the geometric crystal as in Sect.5.3. For l = (l1, . . . , ln+1) ∈ BL(A
(1)
n ), set
ML(l, z) :=

l−11 −z
−1 l−12
· · ·
−1 l−1n
−1 l−1n+1

−1
.
Then the matrix ML(l, z) is an M-matrix.
8.2. Explicit form of the M-matrix of type D
(1)
n . An explicit form of the M-matrix ML(l, z) for
BL(D
(1)
n ) is described [KOTY] where the geometric crystal BL(D
(1)
n ) is as in Sect.6.
For l = (l1, . . . , ln, ln−1, . . . , l1) ∈ BL(D
(1)
n ), the M-matrixML(l, z) is given as follows [KOTY]: M(l, z)
is a 2n× 2n matrix in the form ML(l, z) = A(l) + zB(l) + z2C(l) where each matrix A(l), B(l) and C(l)
are given by C(l) = E1,2n,
A(l)i,i =

li
li
1 ≤ i ≤ n− 1,
ln i = n,
1
ln
i = n+ 1,
l2n+1−i
l2n+1−i
n+ 2 ≤ i ≤ 2n,
(8.1)
A(l)i,j = lj · · · li−1
(
1 +
li
li
)
1 ≤ j < i ≤ n− 1,(8.2)
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A(l)2n+1−j,2n+1−i = lj · · · li−1
(
1 +
li
li
)
1 ≤ j < i ≤ n− 1,(8.3)
A(l)n,j = lj · · · ln 1 ≤ j ≤ n− 1,(8.4)
A(l)2n+1−j,n = lj · · · ln−1ln 1 ≤ j ≤ n− 1,(8.5)
A(l)2n+1−j,n+1 = lj · · · ln−1 1 ≤ j ≤ n− 1,(8.6)
A(l)2n+1−i,j = (lj · · · ln)(li · · · ln−1) 1 ≤ i, j ≤ n− 1,(8.7)
A(l)i,j = 0 otherwise.(8.8)
The matrix element B(l)i,j is given by B(l)i,j = A(l)i,1A(l)2n,j − LA(l)i,j − δi,1δj,2n ([KOTY]).
8.3. Matrix Realization. In terms of M-matrices, the involutions Σ
(n)
0 ,Σ
(n)
1 ,Σ
(n)
2 in Sect.6 are realized
by the adjoint action of certain matrices.
Proposition 8.3. For each involution Σ
(n)
i (i = 0, 1, 2), there exists a non-singular matrix J
(n)
i = J
(n)
i (z)
such that
ML(Σ
(n)
i (l), z) = J
(n)
i (z)ML(l, z)J
(n)
i (z)
−1
,
where the matrix J
(n)
i does not depend on l. Each J
(n)
i is as follows:
J
(n)
0 =
 0 0 z0 E2n 0
z−1 0 0
 , J (n)1 =

En 0 0
0
0 1
1 0
0
0 0 En
 , J (n)2 = ( 0 z · E2nE2n 0
)
,
where Em is the identity matrix of size m. The size of each matrix J
(n)
i and ML(l, z) is 2n + 2
for i = 0 and i = 1, and 4n for i = 2. Setting J
(n)
3 = J
(n+1)
0 J
(n+1)
1 (= J
(n+1)
1 J
(n+1)
0 ) and J
(n)
4 =
(J
(2n+1)
0 J
(2n+1)
1 )J
(n+1)
2 (= J
(n+1)
2 (J
(2n+1)
0 J
(2n+1)
1 )), we also have
(8.9) ML(Σ
(n)
k (l), z) = J
(n)
k ML(l, z)J
(n)
k
−1
(k = 3, 4).
Proof. Since the involution Σ
(n)
0 (resp. Σ
(n)
1 ) coincides with the involution σ1 (resp. σn) in [KOTY]
and the matrix J
(n)
0 (resp. J
(n)
1 ) is identified with the matrix J1(z) (resp. Jn(z)) as in [KOTY]. Thus,
Lemma 3.10 in [KOTY] shows that our assertions for Σ
(n)
k (k = 0, 1) are right. Then let us show the
case k = 2. Since we have the explicit form of ML(l, z) as in the last subsection, it is carried out by
case-by-case calculations. For example, let us see the diagonal entries:
ML(Σ
(n)
2 (l), z)i,i =

1/l2n i = 1,
l2n+1−i
l2n+1−i
+ zL 2 ≤ i ≤ 2n− 1,
l1/l1 i = 2n,
l1/l1 i = 2n+ 1,
li−2n
li−2n
+ zL 2n+ 2 ≤ i ≤ 4n− 1,
l2n i = 4n.
Here note that the matrix ML(l, z) is a 4n× 4n-matrix.
On the other-hand, the diagonal entries of the matrix
M ′ := J (2)n ML(l, z)J
(2)
n
−1
= J (2)n
(
M1 M2
M3 M4
)
J (2)n
−1
=
(
M4 zM3
z−1M2 M1
)
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are given by:
For i = 1, . . . , 2n, M ′i,i =ML(l, z)i+2n,i+2n =

1/l2n i = 1,
l2n+1−i
l2n+1−i
+ zL 2 ≤ i ≤ 2n− 1,
l1/l1 i = 2n,
For i = 2n+ 1, . . . , 4n, M ′i,i =ML(l, z)i−2n,i−2n =

l1/l1 i = 2n+ 1,
li−2n
li−2n
+ zL 2n+ 2 ≤ i ≤ 4n− 1,
l2n i = 4n.
Then, we have ML(Σ
(2)
n (l), z)i,i = M
′
i,i(= (J
(2)
n ML(l, z)J
(2)
n
−1
)i,i). The other cases are also obtained
similarly.
8.4. Birational maps on fixed point varieties. Let RLK be the birational map defined by
RLK : BL(D
(1)
N )× BK(D
(1)
N ) → BK(D
(1)
N )× BL(D
(1)
N ) (L,K ∈ C
×)
(l,m) 7→ (l′,m′),
where (l′,m′) be the unique solution of the equationML(l, z)MK(m, z) =MK(l
′, z)ML(m
′, z). LetX
(n,L)
i
be one of the fixed point subvarieties in BL(D
(1)
N ).
Theorem 8.4. Let us denote R
(i)
LK the restriction of RLK on X
(n,L)
i × X
(n,K)
i . Then R
(i)
LK is a well-
defined birational map X
(n,L)
i ×X
(n,K)
i → X
(n,K)
i ×X
(n,L)
i (L,K ∈ C
×).
Proof. For (l,m) ∈ X
(n,L)
i ×X
(n,K)
i , set (l
′,m′) :=R(l,m), i.e.,
(8.10) ML(l, z)MK(m, z) =MK(l
′, z)ML(m
′, z).
We have
ML(l, z)MK(m, z) = ML(Σ
(n)
i (l), z)MK(Σ
(n)
i (m), z)
= J
(n)
i ML(l, z)MK(m, z)J
(n)
i
−1
= J
(n)
i MK(l
′, z)ML(m
′, z)J
(n)
i
−1
= MK(Σ
(n)
i (l
′), z)ML(Σ
(n)
i (m
′), z).
Then, we have
MK(l
′, z)ML(m
′, z) =MK(Σ
(n)
i (l
′), z)ML(Σ
(n)
i (m
′), z).
It follows from the uniqueness of the solution for (8.10) that (l′,m′) = (Σ
(n)
i (l
′),Σ
(n)
i (m
′)) and then we
have (l′,m′) ∈ X
(n,K)
i ×X
(n,L)
i .
9. Tropical R Maps
In this section, we define the notion of tropical R map and give explicit forms of the affine tropical R
maps on the geometric crystals constructed above.
9.1. Definition of tropical R map.
Definition 9.1. Let {(Xλ, {eλi }, {γ
λ
i }, {ε
λ
i })}λ∈Λ be a family of geometric crystals equipped with the
product structures, where Λ is a certain index set and its element is called a spectral parameter. A
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birational map Rλµ : Xλ×Xµ −→ Xµ×Xλ (λ, µ ∈ Λ) is said to be a tropical R map (or shortly, tropical
R) if it satisfies the following conditions:
(e
Xµ×Xλ
i )
c ◦ Rλµ = Rλµ ◦ (e
Xλ×Xµ
i )
c,(9.1)
ε
Xλ×Xµ
i = ε
Xµ×Xλ
i ◦ Rλµ,(9.2)
γ
Xλ×Xµ
i = γ
Xµ×Xλ
i ◦ Rλµ,(9.3)
R(12)R(23)R(12) = R(23)R(12)R(23) on Xλ ×Xµ ×Xν , ,(9.4)
RµλRλµ = idλµ .(9.5)
for any i ∈ I and any λ, µ, ν ∈ Λ. Here R(ij) means that it acts on i-th and j-th components of the
product.
In the rest of this section, we give the explicit forms of the tropical R for the affine geometric crystals.
9.2. D
(1)
n case (n ≥ 4). Let RLK : BL(D
(1)
N ) × BK(D
(1)
N ) → BK(D
(1)
N ) × BL(D
(1)
N ) (L,K ∈ C
×) be
the birational map as in 8.4. In [KOTY], it is shown that the morphism RLM is a tropical R map for
{BL(D
(1)
n )}L∈C× . We shall describe the explicit form of RLM . Let ♯ : BL(D
(1)
n ) → BL(D
(1)
n ) be an
involution defined by
(9.6) ♯(l1, l2, . . . , ln, ln−1, . . . , l2, l1) = (l1, l2, . . . , ln, ln−1, . . . , l2, l1),
that is, ♯ : l1 ↔ l1 and ∗ : BL(D
(1)
n )× BM (D
(1)
n )→ BM (D
(1)
n )× BL(D
(1)
n ) an involution defined by
((l1, l2, . . . , l2, l1), (m1,m2, . . . ,m2,m1))
∗ = ((m1,m2, . . . ,m2,m1), (l1, l2, . . . , l2, l1))
that is, ∗ : li ↔ mi, li ↔ mi (1 ≤ i ≤ n− 1), ln ↔ mn.
Following [KOTY], we define the rational functions Vi (i = 0, 1, . . . , n− 1) and Wi (i = 1, . . . , n− 1)
on BL(D
(1)
n )× BM (D
(1)
n ) (L,M ∈ C×) by
Wi := ViVi
∗ + (M − L)Vi
∗ + (L−M)Vi (1 ≤ i ≤ n− 2), Wn−1 := Vn−1Vn−1
∗.
(9.7) Vi =
n−2∑
j=1
(θi,j(l,m) + θ
′
i,j(l,m)) +
n∑
j=1
(ηi,j(l,m) + η
′
i,j(l,m)),
where we set L = l1l2 · · · l2l1, M = m1m2 · · ·m2m1,
θi,j(l,m) =

L
i∏
k=j+1
mk
lk
for 1 ≤ j ≤ i,
M
j∏
k=i+1
lk
mk
for i+ 1 ≤ j ≤ n− 2,
(9.8)
θ′i,j(l,m) = L
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)
for j = 1, . . . , n− 2,(9.9)
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ηi,j(l,m) =

L
 i∏
k=j+1
mk
lk
(mj
lj
)
for 1 ≤ j ≤ i,
M
(
j∏
k=i+1
lk
mk
)(
mj
lj
)
for i+ 1 ≤ j ≤ n− 1,
M
(
n−1∏
k=i+1
lk
mk
)
ln for j = n,
(9.10)
η′i,j(l,m) =

L
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)(
lj
mj
)
for 1 ≤ j ≤ n− 1,
L
(
L
M
)δi,n−1 ( i∏
k=1
mk
lk
)(
n−1∏
k=1
mk
lk
)(
1
ln
)
for j = n.
(9.11)
Remark. Though Wi seems not to be a positive rational function, it is, indeed, positive by the formula (
[KOTY] Lemma 4.14): (
1
li
+
1
mi
)
Wi =
1
mi
ViV
∗
i−1 +
1
li
Vi−1V
∗
i
Now, we introduce the following rational transformation R on (C×)2n−1 × (C×)2n−1:
R(l,m) = (l′,m′),
where l′1 = m1
V ♯0
V1
, l
′
1 = m1
V0
V1
, l′i = mi
Vi−1Wi
ViWi−1
, l
′
i = mi
Vi−1
Vi
(2 ≤ i ≤ n− 1),
l′n = mn
Vn−1
V ∗n−1
, m′1 = l1
V0
V ∗1
, m′1 = l1
V ♯0
V ∗1
,(9.12)
m′i = li
V ∗i−1
V ∗i
, m′i = li
V ∗i−1Wi
V ∗i Wi−1
(2 ≤ i ≤ n− 1), m′n = ln
V ∗n−1
Vn−1
.
Here note that for (l′,m′) = R(l,m) we have l′1l
′
2 · · · l
′
2l
′
1 =M and m
′
1m
′
2 · · ·m
′
2m
′
1 = L. Then R defines
a rational map BL(D
(1)
n )×BM (D
(1)
n ) −→ BM (D
(1)
n )×BL(D
(1)
n ). The following is one of the main results
in [KOTY]:
Theorem 9.2 ([KOTY]). The rational map R = RLM : BL(D
(1)
n )×BM(D
(1)
n ) −→ BM (D
(1)
n )×BL(D
(1)
n )
gives a tropical R map of type D
(1)
n on the family of affine geometric crystals, which will be denoted by
R(D
(1)
n ) in the sequel.
Here we describe the tropical R on V(D
(1)
n )L × V(D
(1)
n )M : R(x, y) := (Ξ,Ξ) ◦ R ◦ (Ξ−1,Ξ−1)(x, y)
(x ∈ V(D
(1)
n )L, y ∈ V(D
(1)
n )M ). We define the rational functions V i (i = 0, 1, . . . , n − 1) and W i
(i = 1, . . . , n− 1) on V(D
(1)
n )L × V(D
(1)
n )M (L,M ∈ C
×) by
W i := V iV
∗
i + (M − L)V
∗
i + (L −M)V i (1 ≤ i ≤ n− 2), Wn−1 := V n−1V
∗
n−1.
(9.13) V i =
n−2∑
j=1
(θi,j(x, y) + θ
′
i,j(x, y)) +
n∑
j=1
(ηi,j(x, y) + η
′
i,j(x, y)),
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where ♯ is the involution on V(D
(1)
n )L and ∗ is the involution V(D
(1)
n )L×V(D
(1)
n )M → V(D
(1)
n )M×V(D
(1)
n )L
defined by
♯ : xi 7→
xi
Lx1x1
(i = 1 · · · , n) , xi 7→
xi
Lx1x1
(i = 1, · · · , n− 2),
∗ : xi 7→
1
Myi
, xi 7→
1
Myi
(i = 1, · · · , n− 2), xn−1 7→
1
Myn
, xn 7→
1
Myn−1
,
yi 7→
1
Lxi
, yi 7→
1
Lxi
(i = 1, · · · , n− 2), yn−1 7→
1
Lxn
, yn 7→
1
Lxn−1
,
and
θi,j(x, y) := L
xiyj
xjyi
(1 ≤ j ≤ i < n− 1), θn−1,j(x, y) := L
xnyj
xjyn
(1 ≤ j < n− 1),
θi,j(x, y) :=M
xiyj
xjyi
(i+ 1 ≤ j ≤ n− 2), θ
′
i,j(x, y) :=M
xiyj
xjyi
(0 ≤ i ≤ n− 2), θ
′
n−1,j(x, y) :=M
xnyj
xjyn
,
ηi,j(x, y) := L
1−δj,1
xixj−1yj−1
xjxjyi
(1 ≤ j ≤ i < n− 1), ηn−1,j(x, y) := L
1−δj,1
xnxj−1yj−1
xjxjyn
(1 ≤ j ≤ n− 1),
ηi,j(x, y) :=
M
Lδj,1
xixj−1yj−1
xjxjyi
(0 ≤ i < j ≤ n− 2), ηi,n−1(x, y) =M
xixn−2yn−2
xn−1xnyi
(i+ 1 ≤ n− 1),
ηi,n(x, y) :=M
xiyn
xn−1yi
(i ≤ n− 2), ηn−1,n(x, y) :=M
xn
xn−1
,
η′i,j(x, y) := L
δj,1M
xiyjyj
xj−1yj−1yi
(1 ≤ j ≤ n− 2, i < n− 1), η′n−1,j(x, y) := L
δj,1M
xnyjyj
xj−1yj−1yn
(1 ≤ j ≤ n− 2),
η′i,n−1(x, y) :=M
xiyn−1yn
xn−2yn−2yi
(0 ≤ i < n− 1), η′n−1,n−1(x, y) :=M
xnyn−1
xn−2yn−2
,
η′i,n(x, y) :=M
xiyn−1
yixn
(0 ≤ i < n− 1), η′n−1,n(x, y) := L
yn−1
yn
,
where we understand x0 = y0 = x0 = y0 = 1. Note that in the rest of this section if we write θij = θ
LM
i,j ,
θ
′
ij = θ
′LM
i,j , ηij = η
LM
i,j and η
′
ij = η
′LM
i,j , we understand that θ
LM
i,j (x, y)
∗ = θ
ML
i,j ((x, y)
∗), θ
′LM
i,j (x, y)
∗ =
θ
′ML
i,j ((x, y)
∗), ηLMi,j (x, y)
∗ = ηMLi,j ((x, y)
∗) and η′
LM
i,j (x, y)
∗ = η′
ML
i,j ((x, y)
∗).
Set R = R(D
(1)
n ): R(x, y) = (x′, y′) where
x′i := yi
V i
V 0
, x′i := yi
V
♯
0W i
V iW 1
, (1 ≤ i ≤ n− 2) x′n−1 := yn−1
V
∗
n−1
V 0
, x′n := yn
V n−1
V 0
,
y′i := xi
V
∗
iW 1
V
♯
0W i
, y′i := xi
V 0
V
∗
i
(1 ≤ i ≤ n− 2), y′n−1 := xn−1
V n−1W 1
V
♯
0Wn−1
, y′n := xn
V
∗
n−1W 1
V
♯
0Wn−1
.
9.3. Tropical R for B
(1)
n (n ≥ 2). By applying the method of folding, we shall obtain an explicit form
of the tropical R for {BL(B
(1)
n )}L∈C× and {V(B
(1)
n )L}L∈C× . Indeed, it follows from Theorem 8.4 that we
have the birational map R(B
(1)
n ) = RLK(B
(1)
n ) : X
(n,L)
1 × X
(n,K)
1 → X
(n,K)
1 × X
(n,L)
1 . Let us see that
RLK(B
(1)
n ) is a tropical R.
Lemma 9.3. The birational map R(B
(1)
n ) is a tropical R on the B
(1)
n -geometric crystals {X
(n,L)
1 }L.
Proof. It suffices to show (9.1)-(9.5) in Definition 9.1. The relations (9.4) and (9.5) for R(B
(1)
n ) are
obtained from the one for R(D
(1)
n+1). The others are easily shown since R(D
(1)
n+1) commutes with the
actions of eci and preserves γi and εi (i ∈ I), and the data (e
B(1)n
i )
c, γ
B(1)n
i and ε
B(1)n
i on X
((n,L))
1 are defined
as in Proposition 6.3.
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Now let us describe the explicit form of tropical R on BL(B
(1)
n ). Set R(B
(1)
n ) := (η−1, η−1) ◦R(B
(1)
n ) ◦
(η, η) where η is as in 6.3. Let ♯ : BL(B
(1)
n )→ BL(B
(1)
n ) be an involution defined by
(9.14) ♯(l1, l2, . . . , ln, ln, . . . , l2, l1) = (l1, l2, . . . , ln, ln, . . . , l2, l1),
that is, ♯ : l1 ↔ l1. Let ∗ : BL(B
(1)
n )× BM (B
(1)
n )→ BM (B
(1)
n )× BL(B
(1)
n ) be an involution defined by
((l1, l2, . . . , l2, l1), (m1,m2, . . . ,m2,m1))
∗ = ((m1,m2, . . . ,m2,m1), (l1, l2, . . . , l2, l1))
that is, ∗ : li ↔ mi, li ↔ mi (1 ≤ i ≤ n).
Restricting the functions Vi and Wi for D
(1)
n+1 to ln+1 = mn+1 = 1, we define the rational functions Vi
(i = 0, 1, . . . , n) and Wi (i = 1, . . . , n) on BL(B
(1)
n )× BM (B
(1)
n ) (L,M ∈ C×) as
Wi := ViV
∗
i + (M − L)V
∗
i + (L −M)Vi (1 ≤ i ≤ n− 1), Wn := VnV
∗
n .
(9.15) Vi =
n−1∑
j=1
(θi,j(l,m) + θ
′
i,j(l,m)) +
n+1∑
j=1
(ηi,j(l,m) + η
′
i,j(l,m)),
where L = l1l2 · · · l2l1, M = m1m2 · · ·m2m1,
θi,j(l,m) =

L
i∏
k=j+1
mk
lk
for 1 ≤ j ≤ i,
M
j∏
k=i+1
lk
mk
for i+ 1 ≤ j ≤ n− 1,
(9.16)
θ′i,j(l,m) = L
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)
for j = 1, . . . , n− 1,(9.17)
ηi,j(l,m) =

L
 i∏
k=j+1
mk
lk
(mj
lj
)
for 1 ≤ j ≤ i,
M
(
j∏
k=i+1
lk
mk
)(
mj
lj
)
for i+ 1 ≤ j ≤ n,
M
(
n∏
k=i+1
lk
mk
)
for j = n+ 1,
(9.18)
η′i,j(l,m) =

L
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)(
lj
mj
)
for 1 ≤ j ≤ n,
L
(
L
M
)δi,n ( i∏
k=1
mk
lk
)(
n∏
k=1
mk
lk
)
for j = n+ 1.
(9.19)
Now, we define the tropical R map R(B
(1)
n ) on BL(B
(1)
n )× BM (B
(1)
n ) by
R(B(1)n )(l,m) = (l
′,m′) where
l′1 = m1
V ♯0
V1
, l
′
1 = m1
V0
V1
, l′i = mi
Vi−1Wi
ViWi−1
, l
′
i = mi
Vi−1
Vi
(2 ≤ i ≤ n),(9.20)
m′1 = l1
V0
V ∗1
, m′1 = l1
V ♯0
V ∗1
, m′i = li
V ∗i−1
V ∗i
, m′i = li
V ∗i−1Wi
V ∗i Wi−1
(2 ≤ i ≤ n).
Here note that for (l′,m′) = R(l,m) we have l′1l
′
2 · · · l
′
2l
′
1 =M and m
′
1m
′
2 · · ·m
′
2m
′
1 = L.
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We shall describe the tropical R map on V(B
(1)
n )L×V(B
(1)
n )M defined by R(x, y) := (Ξ,Ξ) ◦R(B
(1)
n ) ◦
(Ξ−1,Ξ−1)(x, y) (x ∈ V(B
(1)
n )L, y ∈ V(B
(1)
n )M ). Restricting the rational functions V i and W i for D
(1)
n+1
to xn = xn+1 and yn = yn+1, we define the rational functions V i (i = 0, 1, . . . , n) and W i (i = 1, . . . , n)
on V(B
(1)
n )L × V(B
(1)
n )M (L,M ∈ C×) by
W i := V iV
∗
i + (M − L)V
∗
i + (L−M)V i (1 ≤ i ≤ n− 1), Wn := V nV
∗
n.
(9.21) V i =
n−1∑
j=1
(θi,j(x, y) + θ
′
i,j(x, y)) +
n+1∑
j=1
(ηi,j(x, y) + η
′
i,j(x, y)),
where ♯ is the involution on V(B
(1)
n )L and ∗ is the involution V(B
(1)
n )L×V(B
(1)
n )M → V(B
(1)
n )M×V(B
(1)
n )L
defined by
♯ : xi 7→
xi
Lx1x1
(i = 1, · · · , n), xi 7→
xi
Lx1x1
(i = 1, · · · , n− 1),
∗ : xi 7→
1
Myi
, xi 7→
1
Myi
(i = 1, · · · , n− 1), xn 7→
1
Myn
,
yi 7→
1
Lxi
, yi 7→
1
Lxi
(i = 1, · · · , n− 1), yn 7→
1
Lxn
,
and
θi,j(x, y) := L
xiyj
xjyi
(j ≤ i ≤ n, j < n), θi,j(x, y) :=M
xiyj
xjyi
(i < j < n),
θ
′
i,j(x, y) :=M
xiyj
xjyi
(1 ≤ j < n), ηi,j(x, y) := L
1−δj,1
xixj−1yj−1
xjxjyi
(1 ≤ j ≤ i ≤ n, j < n),
ηi,j(x, y) :=
M
Lδj,1
xixj−1yj−1
xjxjyi
(0 ≤ i < j < n), ηi,n(x, y) =M
xixn−1yn−1
x2nyi
(0 ≤ i ≤ n),
ηi,n+1(x, y) :=M
xiyn
xnyi
(i ≤ n),
η′i,j(x, y) := L
δj,1M
xiyjyj
xj−1yj−1yi
(1 ≤ j < n, i ≤ n), η′n,n+1(x, y) := L,
η′i,n(x, y) :=M
xiy
2
n
xn−1yn−1yi
(0 ≤ i ≤ n), η′i,n+1(x, y) :=M
xiyn
yixn
(0 ≤ i < n),
where we understand x0 = x0 = y0 = y0 = 1. Note that as above e.g.,
θi,j(x, y)
∗ := θ
LM
i,j (x, y)
∗ = θ
ML
i,j ((x, y)
∗).
Here we define R(x, y) = R(B
(1)
n )(x, y) = (x′, y′) where
x′i := yi
V i
V 0
(1 ≤ i ≤ n− 1) x′n := yn
V n
V 0
, x′1 := y1
V
♯
0
V 1
, x′i := yi
V
♯
0W i
V iW 1
(i ≥ 2),
y′1 := x1
V
∗
1
V
♯
0
, y′i := xi
V
∗
iW 1
V
♯
0W i
(i > 1), y′i := xi
V 0
V
∗
i
(1 ≤ i ≤ n− 1), y′n := xn
V nW 1
V
♯
0Wn
.
9.4. Tropical R for D
(2)
n+1 (n ≥ 2). As in the previous subsection, we shall describe tropical R maps of
type D
(2)
n+1. We see the following lemma for {X
(n,L)
3 }L∈C× .
Lemma 9.4. The birational map R(D
(2)
n+1) is a tropical R map on {X
(n,L)
3 }L.
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The proof is the same as the one for Lemma 9.3.
Let us describe the explicit form of tropical R on BL(D
(2)
n+1) as in the previous subsection. Set
R(D
(2)
n+1) := (η
−1, η−1) ◦ R(D
(2)
n+1) ◦ (η, η) where η is as in 6.4. Let ∗ : BL(D
(2)
n+1) × BM (D
(2)
n+1) →
BM (D
(2)
n+1)× BL(D
(2)
n+1) be an involution defined by
((l0, l1, . . . , l2, l1), (m0,m1, . . . ,m2,m1))
∗ = ((m0,m1,m2, . . . ,m2,m1), (l0, l1, l2, . . . , l2, l1))
that is, ∗ : l0 ↔ m0 and li ↔ mi, li ↔ mi (1 ≤ i ≤ n).
Restricting the functions Vi and Wi for B
(1)
n+1 to l1 = l1 and m1 = m1, and replacing Xi with Xi−1
where X = l, l,m, and m, we define the rational functions Vi (i = 0, 1, . . . , n+1) andWi (i = 1, . . . , n+1)
on BL(D
(2)
n+1)× BM (D
(2)
n+1) (L,M ∈ C
×) as
Wi := ViV
∗
i + (M − L)V
∗
i + (L−M)Vi (1 ≤ i ≤ n), Wn+1 := Vn+1V
∗
n+1.
(9.22) Vi =
n∑
j=1
(θi,j(l,m) + θ
′
i,j(l,m)) +
n+2∑
j=1
(ηi,j(l,m) + η
′
i,j(l,m)),
where L = l20l1l2 · · · l2l1, M = m
2
0m1m2 · · ·m2m1,
θi,j(l,m) =

L
i−1∏
k=j
mk
lk
for 1 ≤ j ≤ i ≤ n+ 1,
M
j−1∏
k=i
lk
mk
for 0 ≤ i < j ≤ n,
(9.23)
θ′i,j(l,m) = L
(
i−1∏
k=0
mk
lk
)(
j−1∏
k=0
mk
lk
)
for j = 1, . . . , n,(9.24)
ηi,j(l,m) =

L
i−1∏
k=j
mk
lk
(mj−1
lj−1
)
for 1 ≤ j ≤ i ≤ n+ 1,
M
(
j−1∏
k=i
lk
mk
)(
mj−1
lj−1
)
for i+ 1 ≤ j ≤ n+ 1,
M
(
n∏
k=i
lk
mk
)
for j = n+ 2,
(9.25)
η′i,j(l,m) =

L
(
i−1∏
k=0
mk
lk
)(
j−1∏
k=0
mk
lk
)(
lj−1
mj−1
)
for 1 ≤ j ≤ n+ 1,
L
(
L
M
)δi,n+1 (i−1∏
k=0
mk
lk
)(
n∏
k=0
mk
lk
)
for j = n+ 2,
(9.26)
where we understand l0 = l0,m0 = m0. Now, we define the tropical R map R(D
(2)
n+1) on BL(D
(2)
n+1) ×
BM (D
(2)
n+1) by
R(D
(2)
n+1)(l,m) = (l
′,m′) where
l′0 = m0
V0
V1
, l′i = mi
ViWi+1
Vi+1Wi
, l
′
i = mi
Vi
Vi+1
(1 ≤ i ≤ n),(9.27)
m′0 = l0
V0
V ∗1
, m′i = li
V ∗i
V ∗i+1
, m′i = li
V ∗i Wi+1
V ∗i+1Wi
(1 ≤ i ≤ n).
Here note that for (l′,m′) = R(D
(2)
n+1)(l,m) we have l
′
0
2
l′1l
′
2 · · · l
′
2l
′
1 =M and m
′
0
2
m′1m
′
2 · · ·m
′
2m
′
1 = L.
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Next, we shall describe the tropical R on V(D
(2)
n+1)L×V(D
(2)
n+1)M defined byR(x, y):=(Ξ,Ξ)◦R(D
(2)
n+1)◦
(Ξ−1,Ξ−1)(x, y) (x ∈ V(D
(2)
n+1)L, y ∈ V(D
(2)
n+1)M ).
In this case, we replace L (resp. M) for BL(D
(2)
n+1) (resp. BM (D
(2)
n+1)) with L
2 (resp. M2) since
V(D
(2)
n+1)L
∼= BL2(D
(2)
n+1) as in 6.4.
We define the rational functions V i(x, y) (i = 0, 1, . . . , n + 1) and W i(x, y) (i = 1, . . . , n + 1) on
V(D
(2)
n+1)L × V(D
(2)
n+1)M (L,M ∈ C
×) by
W i := V iV
∗
i + (M
2 − L2)V
∗
i + (L
2 −M2)V i (1 ≤ i ≤ n), Wn+1 := V n+1V
∗
n+1.
(9.28) V i =
n∑
j=1
(θi,j(x, y) + θ
′
i,j(x, y)) +
n+2∑
j=1
(ηi,j(x, y) + η
′
i,j(x, y)),
where ∗ is the involution V(D
(2)
n+1)L × V(D
(2)
n+1)M → V(D
(2)
n+1)M × V(D
(2)
n+1)L defined by
∗ : x0 7→ y0, xi 7→
y20
M2yi
, xi 7→
y20
M2yi
(i = 1, · · · , n− 1), xn 7→
y20
M2yn
,
y0 7→ x0, yi 7→
x20
L2xi
, yi 7→
x20
L2xi
(i = 1, · · · , n− 1), yn 7→
x20
L2xn
.
and
θi,j(x, y) :=
L
2
(
xi−1
yi−1
)1+δi,1 ( yj−1
xj−1
)1+δj,1
(1 ≤ j ≤ i ≤ n+ 1, j ≤ n),
M2
(
x0
y0
)δi,0+δi,1−δj,1 xi−1yj−1
xj−1yi−1
(0 ≤ i < j ≤ n),
θ
′
i,j(x, y) :=M
2
(
L2
M2
)δj,1 (x0
y0
)δi,0+δi,1 xi−1yj−1
xj−1yi−1
(1 ≤ j ≤ n),
ηi,j(x, y) :=

L2(1−δj,2)y
δj,1+δj,2
0
(
x0
y0
)δi,1δj,1 xi−1xj−2yj−2
xj−1xj−1yi−1
(1 ≤ j ≤ i ≤ n+ 1),
M2
L
2δj,2
(
x0
y
1−δj,1−δj,2
0
)δi,0+δi,1
xi−1xj−2yj−2
xj−1xj−1yi−1
(i+ 1 ≤ j ≤ n+ 1),
M2
(
x0
y0
)δi,0+δi,1 xi−1yn
xnyi−1
(j = n+ 2),
η′i,j(x, y) :=

θ
′
i,j(x, y)×
(
L2
y0
)δj,2 xj−1yj−1
xj−2yj−2
(1 ≤ j ≤ n),
M2
(
x0
y0
)δi,0+δi,1 xi−1y2n
yi−1xn−1yn−1
(j = n+ 1),
M2
(
L2
M2
)δi,n+1 (
x0
y0
)δi,0+δi,1 xi−1yn
yi−1xn
(j = n+ 2).
where we understand x−1 = x0 = y−1 = y0 = 1 and xn = xn, yn = yn.
Here we define R(x, y) = R(D
(2)
n+1)(x, y) = (x
′, y′) by
x′0 := y0
V 1
V 0
x′i := yi
V 1V i+1
V 0
2 (1 ≤ i ≤ n) x
′
i := yi
V 1W i+1
V i+1W 1
(1 ≤ i ≤ n− 1),
y′0 := x0
V
∗
1
V 0
, y′i := xi
V
∗
1V
∗
i+1W 1
V 0
2
W i+1
(1 ≤ i ≤ n), y′i := xi
V
∗
1
V
∗
i+1
(1 ≤ i ≤ n− 1).
9.5. Tropical R for A
(2)
2n−1 (n ≥ 3). We shall describe tropical R’s of type A
(2)
2n−1. We see the following
lemma for {X
(n,L)
2 }L∈C× .
Lemma 9.5. The birational map R(A
(2)
2n−1) is a tropical R map on {X
(n,L)
2 }L.
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The proof is the same as the one for Lemma 9.3.
Let us describe the explicit form of tropical R on BL(A
(2)
2n−1). Set R(A
(2)
2n−1) := (η
−1, η−1)◦R(A
(2)
2n−1)◦
(η, η) where η is as in 6.5.
Let ♯ be the involution on BL(A
(2)
2n−1) defined by ♯ : l1 ↔ l1 for l = (l1, · · · , l1) ∈ BL(A
(2)
2n−1) and
∗ : BL(A
(2)
2n−1)× BM (A
(2)
2n−1)→ BM (A
(2)
2n−1)× BL(A
(2)
2n−1) an involution defined by
((l1, l2, . . . , l2, l1), (m1,m2, . . . ,m2,m1))
∗ = ((m1,m2, . . . ,m2,m1), (l1, l2, . . . , l2, l1))
that is, ∗ : li ↔ mi, li ↔ mi (1 ≤ i ≤ n).
Restricting the functions Vi and Wi for D
(1)
2n to X
(n,L2)
2 ×X
(n,M2)
2 , we define the rational functions Vi
(i = 0, 1, . . . , n) and Wi (i = 1, . . . , n) on BL(A
(2)
2n−1)× BM (A
(2)
2n−1) (L,M ∈ C
×) as
Wi := ViV
∗
i + (M
2 − L2)V ∗i + (L
2 −M2)Vi (1 ≤ i ≤ n).
(9.29) Vi =
2n−2∑
j=1
(θi,j(l,m) + θ
′
i,j(l,m)) +
2n∑
j=1
(ηi,j(l,m) + η
′
i,j(l,m)),
where L2 = lnln(
∏n−1
i=1 lili)
2, M2 = mnmn(
∏n−1
i=1 mimi)
2, ∆ := 1+µ(l)1+µ(m) , and
θi,j(l,m)
=

L2
i∏
k=j+1
mk
lk
∆δi,n−δj,n 1 ≤ j ≤ i ≤ n,
M2
j∏
k=i+1
lk
mk
∆−δj,n 0 ≤ i < j ≤ n,
LM
(
i∏
k=1
mk
lk
)(
2n−j−1∏
k=1
mk
lk
)
∆δi,n
l2n−j(m2n−j +m2n−j)
(l2n−j + l2n−j)m2n−j
0 ≤ i ≤ n < j ≤ 2n− 2.
θ′i,j(l,m) =

L2
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)
∆δi,n
(
1 + µ(l)
1 + µ(m)
)δj,n
j ≤ n,
LM
(
i∏
k=1
mk
lk
)(
2n−j−1∏
k=1
lk
mk
)
∆δi,n
m2n−j(l2n−j + l2n−j)
l2n−j(m2n−j +m2n−j)
n < j.
ηi,j(l,m) =

L2
 i∏
k=j+1
mk
lk
(mj
lj
)
∆δi,nµ(l)δj,n 1 ≤ j ≤ i ≤ n,
M2
(
j∏
k=i+1
lk
mk
)(
mj
lj
)
µ(l)δj,n i < j ≤ n,
LM
(
i∏
k=1
mk
lk
)(
n−1∏
k=1
mk
lk
)
∆δi,n
1 + µ(m)
1 + µ(l)
i ≤ n, j = n+ 1
LM
(
i∏
k=1
mk
lk
)(
2n−j∏
k=1
mk
lk
)
∆δi,n
(m2n−j+1 +m2n−j+1)l2n−j+1
(l2n−j+1 + l2n−j+1)m2n−j+1
i < n+ 1 < j ≤ 2n− 1,
LM
(
i∏
k=1
mk
lk
)
l1
l1
∆δi,n i < j = 2n.
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η′i,j(l,m) =

L2
(
i∏
k=1
mk
lk
)(
j∏
k=1
mk
lk
)(
lj
mj
)
∆δi,nµ(m)δj,n 1 ≤ j ≤ n,
L2
(
i∏
k=1
mk
lk
)(
n∏
k=1
mk
lk
)
∆δi,n
1 + µ(l)
(1 + µ(m))µ(m)
j = n+ 1,
LM
(
i∏
k=1
mk
lk
)(
2n−j∏
k=1
lk
mk
)
∆δi,n
(l2n−j+1 + l2n−j+1)m2n−j+1
(m2n−j+1 +m2n−j+1)l2n−j+1
n+ 1 < j ≤ 2n− 1,
LM
(
i∏
k=1
mk
lk
)
∆δi,n
m1
m1
j = 2n.
Now, we define the tropical R R(A
(2)
2n−1) : BL(A
(2)
2n−1)× BM (A
(2)
2n−1)→ BM (A
(2)
2n−1)× BL(A
(2)
2n−1) by
R(A
(2)
2n−1)(l,m) = (l
′,m′) where
l′1 = m1
V ♯0
V1
, l′i = mi
Vi−1Wi
ViWi−1
, l
′
i = mi
Vi−1
Vi
(1 ≤ i ≤ n− 1),
l′n =
mnVn−1Wn
(1 + µ(m))VnWn−1
(
1 +
mnWn
mnWn−1
µ(m)
)
, l
′
n =
mnVn−1
(1 + µ(m))Vn
(
1 +
mnWn−1
mnWn
µ(m)
)
,
m′1 = l1
V0
V ∗1
, m′1 = l1
V ♯0
V ∗1
, m′i = li
V ∗i−1
V ∗i
, m′i = li
V ∗i−1W
(n)
i
V ∗i W
(n)
i−1
(2 ≤ i ≤ n− 1),
m′n =
lnV
∗
n−1
(1 + µ(l))V ∗n
(
1 +
lnWn−1
lnWn
µ(l)
)
, m′n =
lnV
∗
n−1Wn
(1 + µ(l))V ∗nWn−1
(
1 +
lnWn
lnWn−1
µ(l)
)
,
Here note that for (l′,m′) = R(A
(2)
2n−1)(l,m) we have (l
′
1l
′
2 · · · l
′
n−1l
′
n−1 · · · l
′
2l
′
1)
2l′nl
′
n =M
2 and
(m′1m
′
2 · · ·m
′
n−1m
′
n−1 · · ·m
′
2m
′
1)
2m′nm
′
n = L
2.
Next, we shall describe tropical R on V(A
(2)
2n−1)L × V(A
(2)
2n−1)M . Let ∗ be the involution V(A
(2)
2n−1)L ×
V(A
(2)
2n−1)M → V(A
(2)
2n−1)M × V(A
(2)
2n−1)L defined by
∗ : xi 7→
1
M2yi
, xi 7→
1
M2yi
, yi 7→
1
L2xi
, yi 7→
1
L2xi
(i = 1, · · · , n)
and ♯ the involution on V(A
(2)
2n−1)L defined by
♯ : xi 7→
xi
L2x1x1
, xi 7→
xi
L2x1x1
(i = 1, · · · , n− 1), xn 7→
xn
(L2x1x1)2
.
We define the rational functions V i(x, y) (i = 0, 1, . . . , n) and W i(x, y) (i = 1, . . . , n) on V(A
(2)
2n−1)L ×
V(A
(2)
2n−1)M (L,M ∈ C
×) by
V i =
2n−2∑
j=1
(θi,j(x, y) + θ
′
i,j(x, y)) +
2n∑
j=1
(ηi,j(x, y) + η
′
i,j(x, y)),
W i := V iV
∗
i + (M
2 − L2)V
∗
i + (L
2 −M2)V i (1 ≤ i ≤ n),
µ(x) :=
xn
Lxn−1xn−1
= µ(x)−1, µ(y) :=
yn
Myn−1yn−1
= µ(y)−1,
∆ :=
1 + µ(x)
1 + µ(y)
, ∇ :=
1 + µ(x)
1 + µ(y)
,  :=
1 + µ(y)
1 + µ(x)
.
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θi,j(x, y) :=

L2
xiyj
xjyi
(
yn−1
xn−1
)δi,n(1−δi,j)
(∆)
δi,n−δj,n (1 ≤ j ≤ i ≤ n),
M2
xiyj
xjyi
(
xn−1
yn−1
∆−1
)δj,n
(0 ≤ i < j ≤ n),
M3
L
xix2n−j−1(y2n−j−1y2n−j−1+y2n−jy2n−j)
yiy2n−j−1(x2n−j−1x2n−j−1+x2n−jx2n−j)
(
yn−1
xn−1
∆
)δi,n
(i ≤ n < j ≤ 2n− 2),
θ
′
i,j(x, y) :=

M2
xiyj
yixj
(
yn−1
xn−1
∆
)δi,n ( L2xn−1
M2yn−1
∇
)δj,n
(1 ≤ j ≤ n),
LM
xiy2n−j−1(1+
x2n−j−1x2n−j−1
x2n−jx2n−j
)
yix2n−j−1(1+
y2n−j−1y2n−j−1
y2n−jy2n−j
)
(
yn−1
xn−1
∆
)δi,n
(n < j ≤ 2n− 2),
ηi,j(x, y) :=

L2−2δj,1
xiyj−1xj−1
yixjxj
(
yn−1
xn−1
)δi,n(1−δi,j)
∆δi,n
(
Lxnyn−1
xn−1
)δj,n
(1 ≤ j ≤ i ≤ n),
L−2δj,1M2
xiyj−1xj−1
yixjxj
(Lxn)
δj,n (i < j ≤ n),
M3
L
xiyn−1
yixn−1
(
yn−1
xn−1
∆
)δi,n
 (0 ≤ i ≤ n, j = n+ 1),
M3
L
xiy2n−j
yix2n−j
1+
y2n−j+1y2n−j+1
y2n−jy2n−j
1+
x2n−jx2n−j
x2n−j+1x2n−j+1
(
yn−1
xn−1
∆
)δi,n
(0 ≤ i ≤ n < j ≤ 2n− 1),
M
L
xi
yix1x1
(
yn−1
xn−1
∆
)δi,n
(0 ≤ i ≤ n < j = 2n),
η′i,j(x, y) :=

L2δj,1M2
xiyjyj
yiyj−1xj−1
(
yn−1
xn−1
∆
)δi,n (
1
Myn
)δj,n
(1 ≤ j ≤ n),
L2M xiyn−1xn−1
yixn
(
yn−1
xn−1
∆
)δi,n
∇ (j = n+ 1),
LM
xiy2n−j
yix2n−j
“
1+
x2n−jx2n−j
x2n−j+1x2n−j+1
”
“
1+
y2n−j+1y2n−j+1
y2n−jy2n−j
”
(
yn−1
xn−1
∆
)δi,n
(n+ 1 < j ≤ 2n− 1),
LM3 xiy1y1
yi
(
yn−1
xn−1
∆
)δi,n
(j = 2n),
where we understand x0 = x0 = y0 = y0 = 1, xn = xn and yn = yn.
Here we define R(x, y) = R(A
(2)
2n−1)(x, y) = (x
′, y′) by
x′i := yi
V i
V 0
, x′i := yi
V
♯
0W i
V iW 1
(1 ≤ i ≤ n− 1), x′n = yn
V
♯
0
2
Wn−1Wn
V n−1V nW
2
1
1 + Wn
Wn−1
µ(y)
1 + µ(y)
,
y′i := xi
V
∗
iW 1
V
♯
0Wi
y′i := xi
V 0
V
∗
i
(1 ≤ i ≤ n− 1), y′n = xn
V 0
2
V
∗
n−1V
∗
n
1 + Wn−1
Wn
µ(x)
1 + µ(x)
.
9.6. Tropical R for A
(2)
2n (n ≥ 2). We shall describe tropical R’s of type A
(2)
2n . We see the following
lemma for {X
(n,L)
2 }L∈C× .
Lemma 9.6. The birational map R(A
(2)
2n ) is a tropical R map on the A
(2)
2n -geometric crystal {X
(n,L)
4 }L.
The proof is the same as the one for Lemma 9.3.
Let us describe the explicit form of tropical R on BL(A
(2)
2n ). Set R(A
(2)
2n ) := (η
−1, η−1) ◦R(A
(2)
2n ) ◦ (η, η)
where η is as in 6.6.
Let ∗ : BL(A
(2)
2n )× BM (A
(2)
2n )→ BM (A
(2)
2n )× BL(A
(2)
2n ) be the involution defined by
((l0, l1, l2, . . . , l2, l1), (m0,m1,m2, . . . ,m2,m1))
∗ = ((m0,m1,m2, . . . ,m2,m1), (l0, l1, l2, . . . , l2, l1))
that is, ∗ : l0 ↔ m0, li ↔ mi, li ↔ mi (1 ≤ i ≤ n).
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Restricting the functions Vi and Wi for A
(2)
2n+1 to X
(n,L)
4 ×X
(n,M)
4 , we define the rational functions Vi
(i = 0, 1, . . . , n+ 1) and Wi (i = 1, . . . , n+ 1) on BL(A
(2)
2n )× BM (A
(2)
2n ) (L,M ∈ C
×) as
Wi := ViV
∗
i + (M
2 − L2)V ∗i + (L
2 −M2)Vi (1 ≤ i ≤ n+ 1),
Vi =
2n∑
j=1
(θi,j(l,m) + θ
′
i,j(l,m)) +
2n+2∑
j=1
(ηi,j(l,m) + η
′
i,j(l,m)),
where L2 = lnln(l
2
0
∏n−1
i=1 lili)
2, M2 = mnmn(m
2
0
∏n−1
i=1 mimi)
2, ∆ := 1+µ(l)1+µ(m) , and
θi,j(l,m)
=

L2
i−1∏
k=j
mk
lk
∆δi,n+1−δj,n+1 1 ≤ j ≤ i ≤ n+ 1,
M2
j−1∏
k=i
lk
mk
∆−δj,n+1 0 ≤ i < j ≤ n+ 1,
LM
(
i−1∏
k=0
mk
lk
)(
2n−j∏
k=0
mk
lk
)
∆δi,n+1
l2n−j+1(m2n−j+1 +m2n−j+1)
(l2n−j+1 + l2n−j+1)m2n−j+1
0 ≤ i ≤ n+ 1 < j.
θ′i,j(l,m) =

L2
(
i−1∏
k=0
mk
lk
)(
j−1∏
k=0
mk
lk
)
∆δi,n+1
(
1 + µ(l)
1 + µ(m)
)δj,n+1
j ≤ n+ 1,
LM
(
i−1∏
k=0
mk
lk
)(
2n−j∏
k=0
lk
mk
)
∆δi,n+1
m2n−j+1(l2n−j+1 + l2n−j+1)
l2n−j+1(m2n−j+1 +m2n−j+1)
n+ 1 < j.
ηi,j(l,m) =

L2
i−1∏
k=j
mk
lk
(mj−1
lj−1
)
∆δi,n+1µ(l)δj,n+1 1 ≤ j ≤ i,
M2
(
j−1∏
k=i
lk
mk
)(
mj−1
lj−1
)
µ(l)δj,n+1 0 ≤ i < j ≤ n+ 1,
LM
(
i−1∏
k=0
mk
lk
)(
n−1∏
k=0
mk
lk
)
∆δi,n+1
1 + µ(m)
1 + µ(l)
0 ≤ i ≤ n+ 1, j = n+ 2
LM
(
i−1∏
k=0
mk
lk
)(
2n−j+1∏
k=0
mk
lk
)
∆δi,n+1
m2n−j+2
m2n−j+2
+ 1
l2n−j+2
l2n−j+2
+ 1
0 ≤ i < n+ 2 < j ≤ 2n+ 1,
LM
(
i−1∏
k=0
mk
lk
)
∆δi,n+1 i ≤ n+ 1, j = 2n+ 2.
η′i,j(l,m) =

L2
(
i−1∏
k=0
mk
lk
)(
j−1∏
k=0
mk
lk
)(
lj−1
mj−1
)
∆δi,n+1µ(m)δj,n+1 1 ≤ j ≤ n+ 1,
L2
(
i−1∏
k=0
mk
lk
)(
n∏
k=0
mk
lk
)
∆δi,n+1
1 + µ(l)
(1 + µ(m))µ(m)
j = n+ 2,
LM
(
i−1∏
k=0
mk
lk
)(
2n−j+1∏
k=0
lk
mk
)
∆δi,n+1
(l2n−j+2 + l2n−j+2)m2n−j+2
(m2n−j+2 +m2n−j+2)l2n−j+2
n+ 2 < j ≤ 2n+ 1,
LM
(
i−1∏
k=0
mk
lk
)
∆δi,n+1 j = 2n+ 2,
where we understand l0 = l0 and m0 = m0.
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Now, we define the tropical R R(A
(2)
2n ) : BL(A
(2)
2n )× BM (A
(2)
2n )→ BM (A
(2)
2n )× BL(A
(2)
2n ) by
R(A
(2)
2n )(l,m) = (l
′,m′) where
l′0 = m0
V0
V1
, l′i = mi
ViWi+1
Vi+1Wi
, l
′
i = mi
Vi
Vi+1
(1 ≤ i ≤ n− 1),
l′n =
mnVnWn+1
(1 + µ(m))Vn+1Wn
(
1 +
mnWn+1
mnWn
µ(m)
)
, l
′
n =
mnVn
(1 + µ(m))Vn+1
(
1 +
mnWn
mnWn+1
µ(m)
)
,
m′0 = l0
V0
V ∗1
, m′i = li
V ∗i
V ∗i+1
, m′i = li
V ∗i W
(n)
i+1
V ∗i+1W
(n)
i
(1 ≤ i ≤ n− 1),
m′n =
lnV
∗
n
(1 + µ(l))V ∗n+1
(
1 +
lnWn
lnWn+1
µ(l)
)
, m′n =
lnV
∗
nWn+1
(1 + µ(l))V ∗n+1Wn
(
1 +
lnWn+1
lnWn
µ(l)
)
,
Here note that for (l′,m′) = R(A
(2)
2n )(l,m) we have (l
′
1l
′
2 · · · l
′
n−1l
′
n−1 · · · l
′
2l
′
1)
2l′nl
′
n =M
2 and
(m′1m
′
2 · · ·m
′
n−1m
′
n−1 · · ·m
′
2m
′
1)
2m′nm
′
n = L
2.
Next, we shall describe tropical R on V(A
(2)
2n )L × V(A
(2)
2n )M . Let ∗ be the involution V(A
(2)
2n )L ×
V(A
(2)
2n )M → V(A
(2)
2n )M × V(A
(2)
2n )L defined by x0 ↔ y0 and
xi 7→
y20
M2yi
, xi 7→
y20
M2yi
, xn 7→
y40
M2yn
, yi 7→
x20
L2xi
, yi 7→
x20
L2xi
yn 7→
x40
L2xn
, (i = 1, · · · , n− 1).
We define the rational functions V i(x, y) (i = 0, 1, . . . , n+1) andW i(x, y) (i = 1, . . . , n+1) on V(A
(2)
2n )L×
V(A
(2)
2n )M (L,M ∈ C
×) by
V i =
2n∑
j=1
(θi,j(x, y) + θ
′
i,j(x, y)) +
2n+2∑
j=1
(ηi,j(x, y) + η
′
i,j(x, y)),
W i := V iV ∗i + (M
2 − L2)V
∗
i + (L
2 −M2)V i (1 ≤ i ≤ n+ 1),
µ(x) :=
xn
Lxn−1xn−1
= µ(x)−1, µ(y) :=
yn
Myn−1yn−1
= µ(y)−1,
∆ :=
1 + µ(x)
1 + µ(y)
, ∇ :=
1 + µ(x)
1 + µ(y)
,  :=
1 + µ(y)
1 + µ(x)
.
θi,j(x, y) :=
L2
(
xi−1
yi−1
)1+δi,1 ( yj−1
xj−1
)1+δj,1 ( yn−1
xn−1
∆
)δi,n+1−δj,n+1
(1 ≤ j ≤ i ≤ n+ 1),
M2
xi−1yj−1
xj−1yi−1
(
xn−1
yn−1
∆−1
)δj,n+1 (x0
y0
)δi,0+δi,1−δj,1
(0 ≤ i < j ≤ n+ 1),
LM
xi−1
yi−1
(
M2y2n−j
L2x2n−j
)1−δj,2n 1 +M2δj,2n y2n+1−jy2n+1−j
y2n−jy2n−j
1 + L2δj,2n
x2n+1−jx2n+1−j
x2n−jx2n−j
(
x0
y0
)δi,0+δi,1 ( yn−1
xn−1
∆
)δi,n+1
(i ≤ n+ 1 < j < 2n),
θ
′
i,j(x, y) :=
L2
xi−1
yi−1
(
yn−1
xn−1
∆
)δi,n+1 (M2yj−1
L2xj−1
)1−δj,1 (
L2xn−1
M2yn−1
∇
)δj,n+1 (x0
y0
)δi,0+δi,1
(1 ≤ j ≤ n+ 1),
LM
xi−1y2n−j
yi−1x2n−j
1 +
x2n−jx2n−j
L
2δj,2nx2n+1−jx2n+1−j
1 +
y2n−jy2n−j
M
2δj,2ny2n+1−jy2n+1−j
(
yn
xn
∆
)δi,n+1 ( y0
x0
)δi,0+δi,1−δj,2n
(n+ 1 < j ≤ 2n),
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ηi,j(x, y) :=
L2+δj,n+1−2δj,2
xi−1yj−2xj−2
yi−1xj−1xj−1
(
yn−1
xn−1
∆
)δi,n+1 xδi,1+δj,1−δj,20
y
δi,1−δj,1−δj,2
0
xδj,n+1n (1 ≤ j ≤ i ≤ n+ 1),
M2Lδj,n+1−2δj,2
xi−1yj−2xj−2
yi−1xj−1xj−1
x
δi,0+δi,1+δj,1−δj,2
0
y
δi,0+δi,1−δj,1−δj,2
0
xδj,n+1n (0 ≤ i < j ≤ n+ 1),
M3
L
xi−1yn−1
yi−1xn−1
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)δi,0+δi,1
 (0 ≤ i < j = n+ 2),
M3
L
xi−1y2n−j+1
yi−1x2n−j+1
1 +
y2n−j+2y2n−j+2
y2n−j+1y2n−j+1
1 +
x2n−j+1x2n−j+1
x2n−j+2x2n−j+2
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)δi,0+δi,1
(i ≤ n+ 1, n+ 2 < j ≤ 2n)
LM
xi−1
yi−1
1 + M
2y1y1
y20
1 +
x20
L2x1x1
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)δi,0+δi,1
(i ≤ n+ 1, j = 2n+ 1),
LM
xi−1
yi−1
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)−1+δi,0+δi,1
(i ≤ n+ 1, j = 2n+ 2),
η′i,j(x, y) :=
θ
′
i,j(x, y)
xj−1yj−1
xj−2yj−2
L2δj,2x
δj,2
0
L2δj,n+1x
2δj,1
0 y
δj,2
0
(
Myn−1
xn−1yn∇
)δj,n+1
(1 ≤ j ≤ n+ 1),
L2M
xi−1yn−1xn−1
yi−1xn
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)δi,0+δi,1
∇ (j = n+ 2)
LM
xi−1y2n−j+1
yi−1x2n−j+1
(
1 +
x2n−j+1x2n−j+1
x2n−j+2x2n−j+2
)
(
1 +
y2n−j+2y2n−j+2
y2n−j+1y2n−j+1
) ( yn−1
xn−1
∆
)δi,n+1 (x0
y0
)δi,0+δi,1
(n+ 1 < j ≤ 2n),
LM
xi−1
yi−1
1 +
x20
L2x1x1
1 + M
2y1y1
y20
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)−1+δi,0+δi,1
(j = 2n+ 1),
LM
xi−1
yi−1
(
yn−1
xn−1
∆
)δi,n+1 (x0
y0
)−1+δi,0+δi,1
(j = 2n+ 2),
where we understand that x0 = x0, y0 = y0 and x−1 = x−1 = y−1 = y−1 = 1. Here we define
R(x, y) = R(A
(2)
2n )(x, y) = (x
′, y′) by
x′0 := y0
V 1
V 0
, x′i := yi
V 1V i+1
V 0
2 , x
′
i := yi
V 1W i+1
V i+1W 1
(1 ≤ i ≤ n− 1),
x′n = yn
V 1
2
WnWn+1
V nV n+1W 1
2
(
1 +
µ(y)Wn+1
Wn
)
(1 + µ(y))−1,
y′0 := x0
V
∗
1
V 0
, y′i := xi
V
∗
1V
∗
i+1W 1
V 0
2
Wi+1
, y′i := xi
V
∗
1
V
∗
i+1
(1 ≤ i ≤ n− 1),
y′n = xn
(V
∗
1)
2
V
∗
nV
∗
n+1
(
1 +
µ(x)W n
Wn+1
)
(1 + µ(x))−1
9.7. Uniqueness of the tropical R-maps.
Theorem 9.7. Let R be the tropical R as introduced in this section. Set z0 := R(1,1). Let R′ be a
tropical R such that R′(1,1) = z0. Then we have R = R
′ as birational maps.
Proof. Let Vl,Vm (l,m ∈ C×) be the affine geometric crystals constructed in Sect.5. By Theorem 5.4
and Theorem 7.1, we have that UD(θl,θm)(Vl(g)×Vm(g)) is isomorphic to the crystal B∞(g
L)⊗B∞(gL),
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where θl is the positive structure as in 5.10. Since B∞(g
L) ⊗ B∞(gL) is connected, Vl(g) × Vm(g) is
prehomogeneous by Theorem 3.3. Therefore, by Lemma 3.2 we obtain R = R′, which completes the
proof of Theorem 9.7.
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